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Abstract 
In this work the compression behavior of masonry has been investigated. After a 
detailed review of code approaches and different research works, a new formula has 
been proposed to describe the compression strength of masonry, based on the 
mechanical and geometrical properties of its components, when deformation properties 
(E-εodulus and Poisson’s ratio) of units are greater than those of mortar.  
The discontinuous numerical method named eXtended Finite Element Method (XFEM) 
was used to show the failure patterns of masonry under compression, in both cases 
when the deformation properties of mortar are greater than those of the mortar and vice 
versa. When the deformation properties of mortar are greater, transversal tensile 
stresses appear in the unit; in this case the XFEM, in this dissertation, is used in the unit. 
When the deformation of the unit is greater, the XFEM is used in the mortar. 
Later on, a new material model, the Extended Drucker-Prager Cap Yield Function, is 
proposed to describe the three axial compression stress state of mortar in masonry in 
the case of deformation properties of mortar are greater than the ones of mortar, and to 
describe the three axial compression stress state of brick in the other case. This includes 
defining its parameters based on test diagrams of the mortar material, implementing the 
model in the numerical software ANSYS, and the numerical results are evaluated for a 
simple cube example.  
The controlling equations of creep based on the visco-elastic creep theory are presented 
in the general case of three axial creep under three axial loading conditions. The special 
case of three axial creep under axial loading is also presented. The “transversal creep” 
relevant for the compression strength of masonry is discussed and numerical examples 
have been added to show the effect of changed time-dependent Poisson’s ratio. 
Conclusions and recommendations are given in the last chapter. 
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Notations 
Greek Letters 
α  bed joint inclination angle < 90°     constant equal to            density of sandstone brick  
δ  normalizing factor taken from DIN 772-1         Kronecker delta =1 for i = j = 1, 2, 3 and = 0 for i ≠ j     constant equal to             Poisson’s ratio of the brick (unit)      Poisson’s ratio of the mortar      Poisson’s ratio of the plasticized mortar     ,     constants of the visco-elastic model in multi-axial loading with         
and        .     the angle of interal friction of mortar      compressive stress of material at the time of loading      vertical stress in the brick (compression)        lateral y stress in the brick (tension)        lateral z stress in the brick (tension)      principal strains        lateral y strain in the brick         lateral z strain in the brick         lateral y strain in the mortar         lateral z strain in the mortar           end deformation of material, including creep       elastic deformation      principal stresses                      the applied principal stresses at time         lateral stress in the brick (tension)       1st lateral stress in the brick (tension) due to different elasticity, case  
                 2nd lateral stress in the brick (tension), resulting from splitting tensile 
stress, case          
Notations  14 
       3rd lateral stress in the mortar (tension), resulting from different elasticity, 
case                 4th lateral stress in the brick (tension), resulting from splitting tensile 
stress, case                   splitting tensile stress in the brick      retardation time          the final creep coefficient           non-linear notional creep coefficient of concrete            creep coefficients for volume change            creep coefficients for shape change 
Latain Letters    form factor,            unknown of enrichment   at node   
c  cohesion of the mortar 
d   diameter of transfer area or diameter of brick, usually equal to wall width 
w      brick width, from free edge to free edge or 40 cm (smallest value)       smallest brick width     shape change (middle strain)     the volume change (dilatation)       E-modulus of the brick,       E-modulus of the mortar         normalized brick compression strength in the load direction         compression strength of the brick            mean compressive strength at the time of loading        compression strength of masonry              cracking stress of masonry               compression strength of masonry from rubble stone brick        compression strength of mortar                compression strength of mortar tested on a test sample with                characteristic masonry compression strength         mortar compression strength according to EC6 
Notations  15 
        tensile strength of brick     thickness of the vertical joint        tensile strength of mortar      height of the bed joint      height of the brick       height of the brick or 10 cm (smallest value)        height of the brick or 20 cm (smallest value)     sum of crumbled depths on both sides of the brick    set of all nodes in the domain      nodal subset of enrichment  ,        
K      constant; it is taken from table in chapter ‎2.2.1 for general purpose 
mortar, thin bed and light weight mortar 
K1  reduction factor for the maximal splitting tensile force in the mid of the 
brick, usually =0,3       stress-strength ratio                  ratio of transversal stress, due to transversal deformation constraint, to 
vertical stress       ratio of maximal transversal tensile stress, due to vertical joint, to 
transversal tensile stress due to transversal deformation constraint       ratio of the transversal stress, due to partial area loading, to vertical stress 
l   wall length          local enrichment function of node   belonging to enrichment        inclination of the failure envelope of the brick,    = 1 to 0        standard FEM shape function of node   
n  number of vertical joints above and below a bed joint 
s  middle normal stress 
T  factor of transfer area                                       approximated function     unknown of the standard FEM part at node   
w   wall width, from free edge to free edge 
Z  splitting force in the middle of brick height 
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1 Introduction 
1.1 Background of the Thesis, Motivation and Aims 
Masonry is one of the oldest building materials, which is used in many parts of the world. 
Although it has a long term tradition of building, its behavior is still in many aspects 
unclear and estimating its strength depends mainly on approximations with very high 
reserve factors rather than precise equations. 
Code approaches used to estimate compression strength of masonry are a statistically 
evaluation of test data, without considering the mechanical and geometrical properties of 
masonry components; mortar and units. This requires new statistically evaluations of full 
data when new brick-mortar combination are to be introduced in the market. Available 
research projects cover one case of masonry, namely when the deformation properties 
of mortar are greater than those of the unit. The other case, when deformation properties 
of unit are greater, is not covered yet, but plays an important role e.g. in case of light 
weight concrete unit.  
Aim of this work is to define the compression strength of masonry depending on the 
mechanical and geometrical properties of its components. Furthermore, the three axial 
material behavior of mortar and unit in masonry under compression should be 
considered and studied. Advanced models which describe the three axial material 
behavior will be used, and implemented in the finite element software ANSYS. The 
developed formulas and applied assumptions should be verified by test results and finite 
element calculations. 
1.2 Research Strategy 
Starting with reviewing available code and researches approaches to define the 
compression strength of masonry depending of the mechanical and geometrical 
properties of its components when deformation properties of mortar are greater than 
those of the unit, an analytical formula was developed to cover the other case, when the 
deformation properties of units are greater than those of mortar.  
Numerical models based on the classical Finite Element Method are unable to show the 
failure behavior of masonry under compression. In addition to non-converged solutions, 
cracks leading to failure in masonry should be previously defined between elements; this 
is a main drawback of the Finite Element Method. Models based on the eXtended Finite 
Element Method XFEM, has the advantage of allowing arbitrary cracks to grow inside 
the element without the need for remeshing. This method will be used to show the failure 
process in masonry structure under compression. Numerical models based on the 
XFEM, in addition to comparing with test results, are used to verify the proposed 
analytical formula. 
The more precise the description of the masonry components, the more precise is the 
result of the compression strength of masonry. Axial compression of masonry leads to 
three axial stress state in its components. When the deformation properties of mortar are 
greater than those of the unit, axial compression of masonry leads to three axial 
compression stress state in the mortar and uni-axial compression bi-axial tension in unit. 
A new model, Extended Drucker-Prager Cap Yield Function, is proposed to capture the 
three axial compression stress state of mortar in masonry, including defining its 
parameters. This material model has, in addition to its failure surface, a moving yielding 
cap describing the change of elastic and inelastic material behavior under compression. 
 1 Introduction 18 
 
Long term effects on the compression behavior are considered by showing the 
controlling equations of creep based on the visco-elastic creep theory. Starting with the 
general case of three axial creep under three axial loading conditions, the special case 
of three axial creep under axial loading is also presented. Poisson’s ratio and 
“transversal creep” which have an important effect on the compression strength of 
masonry have been studied.  
1.3 Contents of the Thesis 
In this work the compression behavior of masonry has been investigated.  
A review of code approaches and available research works has been presented in 
chapter 2. Research works starting from the work of Hilsdorf, through Mann and Stiglat 
until the formula proposed by Berndt, and refined by Huster are shown in detail. At the 
end of this chapter, the test results of Warnecke has been taken and calculated with the 
different available approaches. Summary and conclusions are at the end of this 
comparison.  
The basics of the discontinuous method, eXtended Finite Element Method XFEM, are 
presented in chapter ‎3. This method is used to model the crack growth in masonry 
component under tension. 
In chapter ‎4 the Extended Drucker-Prager Cap Yield Function, is proposed to describe 
the three axial compression stress state of mortar in masonry in case deformation 
properties of mortar are greater than those of mortar, and to describe the three axial 
compression stress state of brick in the other case. This includes defining its parameters 
based on test diagrams of the mortar material, implementing the model in the numerical 
software ANSYS, and evaluating the numerical results. 
Many examples are presented in chapter ‎5 showing the application of the proposed 
material model, Extended Drucker-Prager Cap Yield Function, and the discontinuous 
numerical method named eXtended Finite Element Method. These examples include: 
classical Drucker-Prager material model, Extended Drucker-Prager Cap Yield Function 
material model, compression strength in case          and in case          and 
different wall thicknesses. 
Chapter ‎6 starts with presenting the available formula to estimate compression strength 
of masonry when deformation properties of mortar are greater than those of units; mainly 
for lateral deformation (i.e. Elasticity modulus and Poisson ratio). Later on, it proposes a 
new formula, verified by numerical calculations and test results, to describe the 
compression strength of masonry, based on the mechanical and geometrical properties 
of its components, when deformation properties of units are greater than those of the 
mortar.  
Creep could have negative, positive or neutral effect on the masonry strength as 
discussed in chapter ‎7. The controlling equations based on the visco-elastic creep 
theory are presented in the general case of three axial creep under three axial loading 
conditions. The special case of three axial creep under axial loading is also presented. 
The “transversal creep” relevant for the compression strength of masonry was discussed 
and numerical examples have been added to show the effect of changed time-
dependent Poisson’s ratio. 
Conclusions and recommendations are given in the last chapter ‎8. 
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2 State of Art 
Masonry is composed of brick (stone, unite) and mortar. The mechanical properties and 
geometry of these components define the mechanical properties of the masonry, whose 
compression is the most important one and will be the subject of this research. 
The compression strength of masonry usually lies between the compression strength of 
mortar as a lower limit and the compression strength of brick as an upper limit. Rarely 
reaches the compression strength of masonry that of the single brick.  
The effect of mortar geometry and mechanical properties on masonry mechanical 
property is as follows: when using the same brick the masonry strength increases with 
increased mortar quality, thinner mortar joints, and when increasing the quality of 
handwork during building (Hilsdorf, 1965). 
If the mortar strength is much less than that of the brick, then the masonry strength is 
only a small percent of the brick strength; however it is many times higher than the 
strength of the mortar alone. Only if the mortar strength is much higher than that of the 
brick, then the strength of the masonry reaches the strength of the brick (Hilsdorf, 1965).  
Increasing the thickness of the brick, which is the thickness of the masonry wall in case 
single-leaf ones, increases the strength of the masonry wall (Huster, 2000). The same 
trend appears in case of increasing the brick height (Huster, 2000).  
The distinguish between cracking (=allowed, Serviceability Limit State) stress, which 
remarks the primary failure, and compression (=failure, Ultimate Limit State) strength, 
which remarks the final failure, has to be born in mind. 
2.1 Approaches to Calculate Compression Strength 
Compression strength of masonry in the direction normal to the bed joints is the most 
relevant structural material property of masonry structures. Here the approaches of 
codes, numerical and analytical methods are briefly presented and evaluated. 
2.1.1 Codes Approaches 
The present approach in codes, e.g. European code Eurocode 6 (DIN EN 1996-1-1, 
Eurocode 6:1-1, 2013), and American code (ACI 530.1-02, 2004), is to make the 
compressive strength of the masonry composite dependent of the compressive strength 
of the masonry components (units and mortar). These empirical approaches depending 
on a large number of experimental tests under-estimate the compressive strength of 
masonry since it is resulted from the lower envelope of the failure database, 
representing the decisive subgroup of units in the group defined according to table 3.3 of 
Eurocode 6. Comparing the results of these codes with test results showed in some 
cases conservative results up to 40% of test results (Zucchini & Lourenco, 2007). 
Carrying out tests according to DIN EN 1052-1 (DIN EN 1052-1:1998, 1998) in order to 
get the compressive strength of masonry then following the formulas given in Eurocode 
6 is expensive and requires large number of specimens. 
2.1.2 Numerical Approaches 
Numerical approaches could be classified depending on either the level of accuracy 
required, or depending on continuity. 
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2.1.2.1 Micro and Macro Modeling 
Depending on the level of accuracy and the simplicity desired, it is possible to use the 
following modeling strategies (Lourenco P. B., 1996), see Figure ‎2.1 below: 
• Detailed micro-modeling: units and mortar in the joints are represented by continuum 
elements whereas the unit-mortar interface is represented by discontinuous elements; 
• Simplified micro-modeling: expanded units are represented by continuum elements 
whereas the behavior of the mortar joints and unit-mortar interface is lumped in 
discontinuous elements; 
• Macro-modeling: units, mortar and unit-mortar interface are smeared out in the 
continuum. 
 
Figure ‎2.1: Modeling strategies for masonry structures: (a) masonry sample; (b) detailed 
micro-modeling; (c) simplified micro-modeling; (d) macro-modeling (Lourenco P. B., 
1996) . 
2.1.2.2 Continuity 
Numerical methods could be either by using continuum or discontinuum models.  
Standard non-linear continuum models, based on plasticity and cracking, are widely 
available but such models overestimate the experimental strength of masonry prisms 
under compression (Zucchini & Lourenco, 2007). Many parameters and complex micro-
structure influence these models making it difficult to reproduce test results. Some 
authors indicate that standard continuum finite element micro-models, based on 
plasticity and cracking, are capable of obtaining an adequate response of the masonry 
composite, e.g. (Brencich & Gambarotta, 2005) and (Roman & Gomes, 2004). But 
similar simulations carried out by (Pina-Henriques & Lourenco, 2003) demonstrated 
otherwise. Homogenization macro approach overestimates the test results (Zucchini & 
Lourenco, 2007). 
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Discontinuum modeling approaches that consider the micro-structure of quasi-brittle 
materials are therefore needed; available approaches include Finite Element Method 
with interface elements, discrete element methods and lattice models. 
For simple geometries under symmetric loading or when the crack path is known in 
advance from experiments, interface elements can be embedded in the finite element 
mesh along expected crack paths, (Rots, 1988). If the crack pattern is not known in 
advance, expensive remeshing techniques, (Ingraffea & Saouma, 1985), or approaches 
where a sufficient number of interface elements are included in the mesh to account for 
potential crack paths, (Carol, López, & Roa, 2001), may be adopted. Typical applications 
of interface elements in the finite element analysis of masonry structures are the 
modeling of cracking, slipping or crushing planes, like unit-mortar interfaces or potential 
cracks in the units, see (Lotfi & Shing, 1994)  and (Lourenco & Rots, 1997). 
It should be distinguished between the distinct element method pioneered by (Cundall, 
1971) and the discontinuous deformation analysis originally developed by (Shi, 1988). 
Recently, a lattice-type model has been proposed by (Cusatis, Bazant, & Cedolin, 2003) 
aiming at a correct simulation of both tensile and compressive fracture processes, as 
well as three-dimensional effects. 
2.1.3 Analytical Approaches 
Two approaches have been adopted as the basis for failure theories: the first assumes 
elastic behavior, and the second relates the behavior of the unit and joint under the 
action of bi- or tri-axial stress. 
2.1.3.1 Failure Theories Based on Elastic Analysis  
This approach has been developed by (Francis, Horman, & Jerrems, 1971)  and (Tataro, 
1994). Comparison with test results shows how this approach highly overestimates the 
actual values of masonry compression strength (Zucchini & Lourenco, 2007). 
2.1.3.2 Failure Theories Based on Strength of Brick and Mortar under Multi-axial 
Stress  
(Hilsdorf, 1969) has showed that differences in elastic properties of the unit and mortar is 
the precursor of failure. Uniaxial compression of masonry leads to a state of tri-axial 
compression in the mortar and of compression/biaxial tension in the unit. Based on 
Hilsdorf’s work, (Khoo & Hendry, 1973) developed an approach to estimate the 
compressive strength of masonry which shows better results compared with the previous 
approach, but still have big differences with test results (Zucchini & Lourenco, 2007). 
Berndt (Berndt, 1996), unlike to Hilsdorf who assumed regular distribution of transversal 
tensile stress over the brick height, showed that the maximal tensile transversal stresses 
in the brick appear near the contact surface with the mortar and especially at the corner 
of the brick. Berndt’s work shows much better results. 
2.2 Estimating Masonry Strength Depending on the EC 6 and 
Different Research Projects 
Estimating the compression strength (failure stresses) and allowed stress (cracking 
stresses) of the existing masonry from natural brick is not always possible. Performing 
tests to estimate these values is expensive and time consuming. In many cases the 
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values calculated using the EC6 are very conservative and contain very high safety 
factors. In the following, the method used in the Eurocode 6 will be presented, later on 
many research works will be shown, and the different failure mechanisms and equations 
are briefly explained. At the end, test results are taken and compared with the results of 
each method. 
The influence of mortar is discussed at end of each approach from the viewpoint of this 
approach. 
2.2.1 EC6 (DIN EN 1996-1-1, Eurocode 6:1-1, 2013) 
The recognized norm to calculate the masonry strength is (DIN EN 1996-1-1, Eurocode 
6:1-1, 2013).  This German/European norm is a substitute of (DIN 1053-1, 1996), (DIN 
1053-3, 1990) and (DIN 1053-100, 2007). (DIN 1053-2, 1996), which was foreseen to 
estimate masonry strength based on tests is cancelled without a substitute. This norm 
estimates the characteristic masonry compression strength, which is later reduced by 
using the material safety factor. The material safety factor ranges between 1.5 and 3.0 
(chapter 2.4.3 of the EC6).  
The characteristic masonry compression strength is estimated based on the mechanical 
properties of its components. The characteristic compression strength can be 
determined using posibility (ii) of clause (2) in chapter 3.6.1.2 in EC6 (DIN EN 1996-1-1) 
for masonry with general purpose mortar and light weight mortar equation (2.1.a), for 
masonry with thin layer mortar and clay units of Group 1 and 4 equation (2.1.b), and for 
masonry with thin layer mortar and clay units of Group 2 and 3 equation (2.1.c).                                                  
(‎2.1.a) 
(2.1.b) 
(2.1.c) 
Where:     is the characteristic masonry compression strength in N/mm2 
K  is constant; it is taken from Table ‎2.1 below for general purpose mortar, thin bed 
mortar and light weight mortar.    is normalized brick compression strength in the load direction in N/mm2 ≤ 75 
N/mm2 in case of general purpose mortar, and ≤ 50 N/mm2 in case of thin bed 
mortar. To get the normalized brick compression strength   , the compression 
strength of the brick      must be multiplied by a normalizing factor į taken from 
DIN EN 772-1.    is mortar compression strength in N/mm2 ≤ 20 N/mm2 or 2   in case general 
purpose mortar, and  ≤ 10 N/mm2 in case of light weight mortar. 
Alternative (i) also can be chosen in the National Annex to calculate the characteristic 
strength with variable exponents   and   of    and   , where the exponents should be 
given nationally. 
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Type of brick 
General 
purpose  
mortar 
Thin bed 
mortar 
(0,5-3mm) 
Light weight mortar with dry density                                 
Clay brick 
Group 1 0,55 0,75 0,30 0,40 
Group 2 0,45 0,70 0,25 0,30 
Group 3 0,35 0,50 0,20 0,25 
Group 4 0,35 0,35 0,20 0,25 
Lime sand brick 
Group 1 0,55 0,80 ⱡ ⱡ 
Group 2 0,45 0,65 ⱡ ⱡ 
Concrete 
Group 1 0,55 0,80 0,45 0,45 
Group 2 0,45 0,65 0,45 0,45 
Group 3 0,40 0,50 ⱡ ⱡ 
Group 4 0,35 ⱡ ⱡ ⱡ 
porous concrete Group 1 0,55 0,80 0,45 0,45 
artificial stone Group 1 0,45 0,75 ⱡ ⱡ 
Size controlled 
natural brick Group 1 0,45 ⱡ ⱡ ⱡ 
ⱡ    no value available, because this brick-mortar combination is not used. 
Table ‎2.1: K values 
Mortar:  
Type and thickness of mortar influence the result of the equation (‎2.1.a) through the 
value of the factor K. Mortar compression strength is considered as a factor    with 
exponent 0.3 in case of general purpose mortar. 
2.2.2 Hilsdorf (Hilsdorf, 1965) and (Hilsdorf, 1969) 
Hilsdorf pointed out that the different modulus of elasticity of brick and mortar have an 
essential influence on the compression strength of masonry. Different lateral strains of 
both materials lead to three-axial compression in mortar, and compression-tension-
tension in brick. This tensile stresses in the brick is the main reason of cracking and 
failure of the masonry structure. 
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The lateral tensile stresses in the brick are calculated using: 
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Figure ‎2.2: Stress state in the masonry components: brick and mortar 
Where:     Poisson’s ratio of the brick     Poisson’s ratio of the mortar     vertical stress in the brick (compression)       lateral y stress in the brick (tension)       lateral z stress in the brick (tension)     lateral stress in the brick (tension)      E-modulus of the brick,      E-modulus of the Mortar     height of the bed joint     height of the brick 
The failure curve of brick under compression-tension is given by: 
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Where: 
Brcf ,  the uni-axial compressive strength of brick 
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Brtf ,  the strength of the brick under biaxial tension 
From previous two equations, it is possible to get the vertical stresses leading to first 
crack in the brick:                 
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(‎2.4) 
             cracking stress of masonry. 
This doesn’t mean the failure of the masonry, the failure occurs when the applied vertical 
stress reach:                               (‎2.5) 
Where:        compression strength of mortar                     
And the compression strength of the masonry is calculated by dividing this value on the 
coefficient of non-uniformity U                                     (‎2.6) 
Where:          compression strength of masonry 
U  coefficient of non-uniformity, this coefficient has been determined by 
Hilsdorf for different brick-mortar combinations. For example for cement 
mortar it is around 1,3 as a mean value in the common strength range. 
Mortar:  
Geometry ( Moh : height) and mechanical properties (    Poisson’s ratio and     E-
modulus) of mortar affect the lateral tensile stress in the brick L , see equation (2.2), 
and consequently the cracking stress of masonry             , see equation (‎2.4). 
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Compression strength in masonry      is also affected by geometry ( Moh : height), 
compression strength of masonry        and coefficient of non-uniformity U, which is 
mainly dependent on the mortar, see equation (‎2.6). 
In (Hilsdorf, 1965) it is also mentioned that when using the same brick the masonry 
strength increases with increased mortar quality, hand work and thinner mortar joints. If 
the mortar strength is much less than that of the brick, then the masonry strength is only 
a small percentage of the brick strength; however it is many times higher than the 
strength of the mortar alone. Only if the mortar strength is much higher than that of the 
brick, then the strength of the masonry reaches the strength of the brick.  
2.2.3 Mann (Mann, 1983) 
Unlike artificial masonry, where it is possible to produce constant horizontal and thin bed 
mortar, it is mainly difficult in natural brick to produce constant thickness of the mortar so 
that it is in most cases thick, inclined and has changed thickness. 
In artificial brickwork the failure is caused by different transversal behavior of brick and 
mortar leading to transversal tensile stress in brick and to transversal compression 
stress in mortar, this leads simultaneously to tensile cracking in the brick and 
consequently losing its compression strength. 
In case of natural brickwork the tensile strength of the natural brick is high, and the 
failure occurs due to failure of mortar joint which is inclined and thicker than that in case 
of artificial brick, and usually weaker than of the artificial brick. 
So, the failure of masonry from artificial brick occurs due to tensile failure of brick, while 
the failure of masonry from natural brick occurs due to mortar failure. 
The compression strength of masonry made from natural brick with inclined mortar is 
calculated by:                                 Moh          (‎2.7) 
Where:        compression strength of masonry               compression strength of mortar tested on a test sample with        
T  factor of transfer area                               , see Figure ‎2.3 below 
Moh   height of the bed joint 
d   diameter of transfer area or diameter of brick, usually equal to wall width 
w 
α  bed joint inclination angle < 90°, see Figure ‎2.4 below. 
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 A=L·w total wall areal,        transfer area, T factor of transfer area       
Figure ‎2.3: Transfer area and wall notations 
 
  
Figure ‎2.4: Inclined bed joint angle 
The mentioned equation is not verified with enough tests. It is to be used for masonry 
structure made from natural brick, for this reason it considers only the mechanical 
properties and geometry of the mortar joint. 
Mortar:  
The author in (Mann, 1983) considers the failure of masonry made by natural bricks only 
due to failure of mortar. So only the geometry (factor of transfer area T, height h, 
diameter d and inclination angle α) and mechanical properties (compression strength             ) of mortar are considered in estimating compression strength of masonry, 
see equation (‎2.7). 
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2.2.4 Stiglat  (Stiglat, 1984) 
In this research project, four big testing samples with dimensions two of 100x100x120 
cm and two of 120x120x120 cm from sandstone brick were used; the cracking load, 
failure load and deformation behavior were described.  
Stiglat noticed increased compression strength of the sandstone brick with the increase 
of it density, and excluded an empirical equation to estimate sandstone strength based 
on its density                   (‎2.8) 
Where:       compression strength of sandstone brick in N/mm2    density of sandstone brick in kN/m3 
This equation is used for      kN/m3 
Stiglat noticed, among others, the increase of the masonry compression strength with 
the increase of the sandstone percentage, in other words the reduction of the mortar 
percentage.  
The dimension of the tested samples had a remarkable influence on the compression 
strength of masonry. The compression strength of 240 mm diameter core sample from 
masonry structure is only 20% of that resulted from 95 mm diameter core sample. So, 
only if the dimensions of the testing samples are big enough it is possible to estimate 
their real strength and behavior.  
With natural sandstone brick it is difficult to define the thickness and inclination of the 
bed mortar joints. The extracted equations estimate the cracking stress (allowed 
stress) in the masonry depending on the compression strength of the sandstone brick 
and for each mortar group as follows: 
Mortar group I:                                  (‎2.9) 
Mortar group II:                                  (‎2.10) 
Mortar group III:                                  (‎2.11) 
Where:              cracking stress of masonry in N/mm2 
Where a safety factor of 5 was considered.  
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The failure of the masonry is resulted from the brick failure and not the mortar, this 
contradicts with previous research work. The cracking stresses in the brick appear with 
almost 50% of the failure stresses of the masonry structure. 
Mortar:  
In big testing samples with dimensions of minimum 100 cm and natural sand stones, the 
geometrical properties of mortar like thickness and inclination are very hard to be 
measured, so only the mechanical property was considered. For each mortar group the 
author proposed an equation to estimate the cracking stress of the masonry structure 
depending only on the compression strength of the brick     .  
2.2.5 Berndt (Berndt, 1996) 
In this paper and in a seminar held later by the author (Berndt, 1996), the author gave a 
theoretical explanation and a model for the deformation and failure process of masonry 
structures under compression made from Elbe sandstones. 
In this study the author explains the main reasons for failure of masonry under 
compression, where the different transversal deformation properties of its components, 
the thickness of the mortar and the brick height have an important influence on the 
transversal tensile stress in the masonry. 
This model is valid for masonry whose mortar deformation under compression is much 
higher than the brick deformation, i. e.        .     : E-modulus of the brick,    : E-
modulus of the Mortar. 
The author assumed a regular distribution of transversal tensile stress over the brick 
height. However, finite element calculations showed that the maximal tensile transversal 
stresses in the brick appear near the contact surface with the mortar and especially at 
the corner of the brick. This explains the vertical cracks in brick which begin at the 
contact surface to mortar. See Figure ‎2.5 below. 
 
Figure ‎2.5: Tensile stresses in the brick, photo from (Huster, 2000) 
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The crumbling out of the bed joint edge starts with 2 to 5 times of the axial compression 
strength of the mortar, this is due to the 3 axial compression stress state of the mortar. 
Additionally, the friction forces between mortar and brick come into account. See Figure 
‎2.6 below. 
 
   
Figure ‎2.6: Compression stresses in the mortar 
Crumbling out of the bed joint edges leads to additional transverse stresses at the 
middle of the brick height. The so-called splitting tensile forces are induced by 
redirecting the vertical forces in the brick and lead to cracking in the middle of the brick. 
See Figure ‎2.7 below. 
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Figure ‎2.7: Splitting stresses in the brick, photo from (Huster, 2000) 
From transversal tensile stresses and splitting tensile stresses, it is possible to estimate 
the masonry compression strength as:                                                    (‎2.12) 
Where:       compression strength of masonry       axial compression strength of brick       tensile strength of brick (splitting tensile strength)     height of the bed joint      height of the brick or 10 cm (smallest value)       height of the brick or 20 cm (smallest value) 
d  brick width, from free edge to free edge.    sum of crumbled depths on both sides of the brick, depending on test results it 
could be calculated by: 
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                        (‎2.13) 
 where the angle of internal friction   is calculated as        for MGr I 
               for MGr II 
               for MGr III     Poisson’s ratio of the plasticized mortar       for MGr I 
            for MGr II 
            for MGr III 
K1 reduction factor for the maximal splitting tensile force in the mid of the brick, 
usually = 0,3  
The cracking stress of the brick starts with 75 to 85% of the failure load for sandstone 
masonry with MGr I and MGr II. For thin bed joints (h = 3 …5 mm) the cracking stress is 
90 to 95 % of the failure load. In this case the failure of the masonry with thin bed joints 
occurs without warning cracks in the brick. On the other hand, with low strength mortar, 
apparent cracks could be seen on the brick when its tensile strength is reached, later on 
the failure of the masonry takes place after a clear damage of the structure. 
Mortar:  
The author assumed a much higher transversal deformation of mortar than that of the 
unit under compression. Mortar geometry (    height) and mechanical properties (    Poisson’s ratio of the plasticized mortar and   angle of internal friction) are considered in 
the equation (‎2.12) of Berndt. Strength of mortar is considered through using different 
values of      and   according to the relevant mortar group. 
2.2.6 Pöschel (Pöschel & Sabha, 1996) 
In this article the failure process of the masonry structure made from Elbe sandstone is 
described. An equation was extracted to estimate the masonry compression strength 
depending on the strength of its components and the ratio bed joint thickness to brick 
width. The masonry structure here has mainly regular brick form with different face 
character, and usually has a regular joint shape. The bed joint thickness is different 
depending on the face character of the brick. The relation bed joint thickness to brick 
height is ranging from 1/7 to 1/20 with bed joint thickness of 10 to 40 mm. The used 
mortar is mainly low strength lime mortar              . A parametric study was 
performed using a FE Model, where the brick material was assumed as linear elastic 
and the mortar as elastic plastic material behavior. 
The failure behavior is described as following: after crumbling out of the bed joint edge, a 
three axial stress state exist in the remaining mortar, which apply in addition to vertical 
compression stress in the brick a horizontal splitting tensile stress. The failure of the 
masonry is reached with the failure of the brick, which is reached when the failure point 
of this 3 axial state lies on the failure line (function) of the brick strength. The failure 
occurs with the maximal principal tensile stress.  
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Depending on this failure hypothesis the author extracted a relation to calculate the 
masonry strength  
                                                                                 (‎2.14) 
Where:       compression strength of masonry       compression strength of mortar        compression strength of brick       tensile strength of brick     height of the bed joint 
w  wall width, from free edge to free edge. 
 
Figure ‎2.8: Wall notations 
So to calculate the masonry strength, the strength of its components and the ratio of bed 
joint thickness to brick width are required. The failure of the masonry occurs when the 
failure of the brick happens. The height of the brick is not considered although it has an 
important influence on the stress distribution inside the brick.  
Mortar:  
Both mechanical (     compression strength) and geometry (      ratio of height of 
the bed joint to wall width) properties of mortar are considered in the equation (‎2.14) of 
Pöschel. The mortar is assumed to have a regular thickness due to regular brick shapes, 
and have mainly weak strength      < 1 N/mm2 from lime. For highly loaded structures 
thin (3-5 mm thick) bed mortar is used. 
2.2.7 Ebner (Ebner, 1996) 
The author proposed three equations, each of them is a possible failure mode, to 
estimate the minimal vertical stress of single-leaf masonry wall from artificial or rubble 
Brh
Moh
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stone brick in regular inter-laminar binding. These equations are assumed based on 
numerical calculations. The three possible failure modes according to Ebner are:  Failure of the brick due to vertical joint influence, equation (‎2.15).  Failure of the brick due to transversal tensile stress, equation (‎2.16).  Failure of the mortar, equation (‎2.17). 
From these three cases, the minimal vertical stress is to be used to calculate the 
compression strength of masonry structure from artificial brick for either short wall 
(column) from equation (‎2.23), or long wall from equation (‎2.24). 
Failure of the brick due to vertical joint influence is calculated using equation (‎2.15):                                 (‎2.15) 
Failure of the brick due to transversal tensile stress is calculated using equation (‎2.16):                                  (‎2.16) 
Failure of the mortar is calculated using equation (‎2.17): 
                                          (‎2.17) 
Where      vertical stress in the brick (compression)       tensile strength of brick        axial compression strength of brick      ratio of maximal transversal tensile stress due to vertical joint to transversal 
tensile stress due to transversal deformation constraint, it is calculated using 
                                                    (‎2.18)    thickness of the vertical joint in mm     height of the bed joint in mm   angle of internal friction of the mortar     ratio of transversal stress due to transversal deformation constraint to vertical 
stress, it is calculated using: 
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                       (‎2.19)     height of the brick     inclination of the failure envelope of the brick,    = 1 to 0      ratio of the transversal stress due to partial area loading to vertical stress, it is 
calculated using:                                            (‎2.20) 
to define the value of   , we calculate two constants      and     :                               (‎2.21) 
                              (‎2.22) 
if                  then     , otherwise (                       ) then     , while: 
d  brick width      smallest brick width  
c cohesion of the mortar 
Equation (2.17) is only valid with       (i.e. MGr I), Ebner discussed only examples 
with      , and doesn’t mention the cases for       (MGr II and MGr III). 
The cracking stress and failure load i.e. compression strength is calculated for short 
masonry wall (column) from artificial brick using equation (‎2.23):                                                                                  (‎2.23) 
Where: 
l   wall length  
n  number of vertical joints above and below a bed joint        compression strength of masonry              cracking stress of masonry 
For a long wall from artificial brick the compression strength is calculated using 
equation (‎2.24): 
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                                                 (‎2.24) 
If the bricks have different heights, the failure of each height should be calculated 
separately. If the bricks are from rubble stone brick instead of artificial bricks, the 
dimensions of the bricks and mortar will be different. In this case the author proposes 
using middle values for bed mortar height, brick height, vertical joint thickness and 
number of vertical joints above and below a bed joint. This middle values should be 
calculated for two different regions of the wall with dimension 1m x1 m. Additionally, a 
form factor should be used to consider this different dimensions of mortar and brick                    (‎2.25) 
Where:              compression strength of masonry from rubble stone brick        compression strength of masonry from artificial stone brick, calculated 
using equation (‎2.23) or (‎2.24)    form factor,       
The application of this method is very long and needs to know many material properties 
which are also difficult to get.  
Mortar:  
Ebner assumed three possible failure cases; each of them could be the reason for the 
failure of the structure. One of them is the failure of the mortar, see equation (‎2.17). In 
this equation many geometrical (    height and      width) and mechanical (  angle of 
internal friction and c cohesion, however not compression strength) properties of mortar 
were considered.  
In the failure equation of brick due to vertical joint influence, see equation (‎2.15), the 
influence of mortar properties is considered in the factors     and    , see equations 
(‎2.18) and (‎2.19). 
Mortar properties also affect the failure due to transversal tensile stress in the brick, see 
equation (‎2.16). These properties are present in the factors    and    , see equations 
(‎2.19) and (‎2.20). 
Similar to equation (‎2.17); many geometrical (    height and   width) and mechanical (  
angle of internal friction and c cohesion) properties of mortar are present in the 
compression strength of short and long masonry wall, see equations (‎2.23) and (‎2.24). 
2.2.8 Huster (Huster, 2000) 
The author investigated the effect of mechanical and geometrical properties of masonry 
components on the cracking and final failure behavior of single-leaf wall with quadratic 
bricks.  
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Appearing of the first cracks marks the primary failure of masonry structure. In the 
three primary failure cases, cracks start near the free edges, inside and near the bed 
joints.  
Type I of primary failure occurs in case of weak mortar, and bricks with high tensile 
strength; in this case the primary failure happens only in the mortar. See Figure ‎2.9 
below. 
Type II occurs when the transversal tensile strength of the brick is less than the 
transversal tensile stress In this case, either cracks appear in the brick near the contact 
surface brick-mortar or the bond itself fails. This makes the brick softer in the horizontal 
direction and reduces the transversal compression stress in the mortar. This happens in 
case of high strength mortar, which doesn’t fail here but it is mainly plastified. 
In type III, which is a combination of types I and II, both mortar failure and cracks in the 
brick near the contact surface occur. 
 
Figure ‎2.9: Three types of primary failure (Huster, 2000) 
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In all three cases the vertical stress is concentrated in the middle of the structure, as the 
edge gets weaker. The mortar doesn’t fail any more due to plasticity. The transversal 
tensile stresses in the brick start to spread. 
There are also three types of final failure.  Type A is resulted from primary failure type I, 
where the removed mortar leads to high splitting tensile stresses in the middle of the 
brick. Type B occurs when the brick has low tensile strength; in this case the cracks 
appear near to the contact surface. In the case of thin mortar and high tensile strength 
brick we have the final failure of type C.  See Figure ‎2.10 below. 
 
Figure ‎2.10: Three types of final failure (Huster, 2000) 
The author conducts finite element calculations with linear elastic material behavior for 
brick and elastic plastic material for mortar. The load is applied as a constant 
displacement in vertical direction. The influence of each single mechanical property of 
masonry components was investigated.  
The author took the equation of (Berndt, 1996)                                                        (‎2.26) 
and modified it according to his finite element results, so he put the equation                                                                   (‎2.27) 
Where: 
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       compression strength of masonry       axial compression strength of brick       tensile strength of brick     height of the bed joint      height of the brick or 10 cm (smallest value)       height of the brick or 20 cm (smallest value)     brick width, from free edge to free edge or 40 cm (smallest value)    sum of crumbled depths on both sides of the brick, depending on test results it 
could be calculated by:                        (‎2.28) 
 where the angle of internal friction   is calculated as        for MGr I 
               for MGr II 
               for MGr III     Poisson’s ratio of the plasticized mortar       for MGr I 
            for MGr II 
            for MGr III 
K1 reduction factor for the maximal splitting tensile force in the mid of the brick, 
usually = 0,3  
This equation is applicable on natural masonry with quadratic bricks and mortar 
thickness less than 4 cm. Additional experimental and numerical tests are required to 
verify this equation. 
Mortar:  
According to (Huster, 2000) the type of mortar defines the type of primary and final 
failure. In the case of weak and thick mortar, the failure starts in the edge mortar and 
ends in the middle of the brick. In case of strong and thin mortar, failure is caused by 
cracking of the brick near the contact surface to mortar, and final failure occurs with the 
failure of brick near this contact surface. 
Similar to (Berndt, 1996), mortar geometry (    height) and mechanical properties (    Poisson’s ratio of the plasticized mortar and   angle of internal friction) are considered in 
the equation (‎2.27). Strength of mortar is considered through using different values of      and   according to the relevant mortar group. Additionally,     the brick width is 
considered. 
  
 2.3 Using the Different Methods in Three Examples Taken from <(Warnecke, 1995)> 40 
 
2.3 Using the Different Methods in Three Examples Taken from 
(Warnecke, 1995)     
In (Warnecke, 1995) many experiments have been performed to specify the 
compression strength of masonry structure. Here, three tests will be taken and 
calculated using the different code and research methods, then the calculated values will 
be compared with the test results. 
2.3.1 Regular Coursed Rubble Masonry with Mortar Group I 
Material properties, geometry and test result: 
 
Sandstone bricks:     = 99,6 MN/m2 
   (nominal strength on cylinder) 
       = 3,0 MN/m2 
   (90% of the splitting tensile strength) 
Mortar Group I:     = 1,1 MN/m2 
   (middle value acc. (DIN 18555-3, 1982)) 
       = 12,0 MN/m2 
   (ibac-method) 
Bed joint      = 0,5-1,5 cm (inside) 
       = 2 cm (side view) 
Brick       = 15 cm 
Masonry wall   d = 15 ± 2,5 cm 
Failure stress          MN/m2 
2.3.1.1 Calculating Compression Strength According to (DIN EN 1996-1-1, 
Eurocode 6:1-1, 2013) 
For Sandstone bricks with Mortar Group I the factor K is K = 0,55 from the Table ‎2.1 in 
chapter ‎2.2.1. 
The normalized brick compression strength is the compression strength of brick with 
dimensions of 100 mm x 100 mm. It is calculated by multiplying the nominal strength      
with normalizing factor     taken from DIN EN 772-1.    =        =          =129,5 N/mm2 > 75 N/mm2 . So         N/mm2, where         
is taken from DIN EN 772-1                   
The characteristic masonry compression strength in MN/m2                           MN/m2  
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2.3.1.2 Calculating Compression Strength According to (Hilsdorf, 1965) and 
(Hilsdorf, 1969)                                       compression strength of masonry 
Brcf ,  uni-axial compressive strength of brick, 99,6 MN/m2 
Brtf ,  strength of the brick under biaxial tension, 3,0 MN/m2       compression strength of mortar, 1,1 MN/m2     height of the bed joint, 2 cm    height of the brick, 15 cm                   =                 
U coefficient of non-uniformity, assumed to be 1,3                                        = 37,3 MN/m2 
2.3.1.3 Calculating Compression Strength According to (Mann, 1983)                                                     compression strength of masonry               compression strength of mortar tested on a test sample with       . Here 
1,1 MN/m2. 
T  factor of transfer area, assumed to be 0,85.      height of the bed joint, 2 cm. 
d   diameter of transfer area or diameter of brick, usually equal to wall width, 
15 cm. 
α  bed inclination angle 0°.                                                                                             
2.3.1.4 Calculating Compression Strength According to (Stiglat, 1984) 
For mortar group I:                                           N/mm2 
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               cracking stress of masonry in N/mm2 , with a safety factor of 5 gives the 
compression strength of masonry as:       5 · 0,7 = 3,5       
The cracking stresses in the brick appear with almost 50% of the failure stresses of the 
masonry structure, this means 3,5·0,5 = 1,75       
2.3.1.5 Calculating Compression Strength According to (Berndt, 1996)       compression strength of masonry       axial compression strength of brick, 99,6 MN/m2       tensile strength of brick (splitting tensile strength), 3,0 MN/m2     height of the bed joint, 2 cm      height of the brick or 10 cm (smallest value), 15 cm or 10 cm smallest is 10 cm       height of the brick or 20 cm (smallest value), 15 cm or 20 cm smallest is 15 cm 
d  brick width, from free edge to free edge, 15 cm    sum of crumbled depths on both sides of the brick, depending on test results it 
could be calculated by:                                                 
 where the angle of internal friction   is calculated as        for MGr I     Poisson’s ratio of the plasticized mortar      for MGr I 
K1 reduction factor for the maximal splitting tensile force in the mid of the brick, 
usually = 0,3                                                                                                              
2.3.1.6 Calculating Compression Strength According to (Pöschel & Sabha, 
1996)        compression strength of masonry       compression strength of mortar, 1,1 MN/m2       compression strength of brick, 99,6 MN/m2       tensile strength of brick, 3 MN/m2     height of the bed joint, 2 cm 
w  wall width, from free edge to free edge, 15 cm 
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2.3.1.7 Calculating Compression Strength According to (Ebner, 1996)       tensile strength of brick, 3 N/mm2       axial compression strength of brick, 99,6 N/mm2      ratio of maximal transversal tensile stress due to vertical joint to transversal 
tensile stress due to transversal deformation constraint, it is calculated using    thickness of the vertical joint, assumed to be 20 mm     height of the bed joint, 20 mm   angle of internal friction of the mortar, assumed to be 20° for MGr I (Berndt, 
1996)                                                                                                       ratio of transversal stress due to transversal deformation constraint to vertical 
stress, it is calculated using:    height of the brick, 150 mm                                                     inclination of the failure envelope of the brick, assumed to be = 1      ratio of the transversal stress due to partial area loading to vertical stress, it is 
calculated using:                                       
to define the value of   , we calculate two constants      and     :                                                         124 mm 
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                                                         204 mm 
if                  then     , otherwise (                       ) then     , while: 
d = 150 mm brick width, so                                                                                  ok      smallest brick width, 150 – 25 = 125 mm 
c cohesion of the mortar, assumed to be 0,70 N/mm2  
Failure of the brick due to vertical joint influence is calculated using equation (‎2.15):                                                                                      
Failure of the brick due to transversal tensile stress is calculated using equation (‎2.16):                                                                                       
Failure of the mortar is calculated using equation (‎2.17):                                                                                  vertical stress in the brick (compression), from equations (‎2.15), (‎2.16) and (‎2.17) 
the minimum value is 14,84 N/mm2  
For a long wall from artificial brick the compression strength is calculated using 
equation (‎2.24):                                              
l  wall length, assumed to be 1 m = 1000 mm 
n number of vertical joints above and below a bed joint, assumed to be 3,5                                                                                       compression strength of masonry from rubble stone brick        compression strength of masonry from artificial stone brick, calculated 
using equation (‎2.24)    form factor,                                             
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2.3.1.8 Calculating Compression Strength According to (Huster, 2000)       compression strength of masonry       axial compression strength of brick, 99,6 MN/m2       tensile strength of brick, 3,0 MN/m2     height of the bed joint, 2 cm      height of the brick or 10 cm (smallest value), 15 cm or 10 cm smallest is 10 cm       height of the brick or 20 cm (smallest value), 15 cm or 20 cm smallest is 15 cm     brick width, from free edge to free edge or 40 cm (smallest value), 15 cm or 40cm 
smallest is 15 cm    sum of crumbled depths on both sides of the brick, depending on test results it 
could be calculated by:                                                
 where the angle of internal friction   is calculated as        for MGr I     Poisson’s ratio of the plasticized mortar       for MGr I 
K1 reduction factor for the maximal splitting tensile force in the mid of the brick, 
usually = 0,3                                                                                                                                  
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2.3.2 Regular Coursed Rubble Masonry with Mortar Group III 
Material properties, geometry and test result: 
Sandstone bricks:     = 99,6 MN/m2 
   (nominal strength on cylinder) 
       = 3,0 MN/m2 
   (90% of the splitting tensile strength) 
Mortar Group III:     = 16,9 MN/m2 
   (middle value acc. (DIN 18555-3, 1982)) 
       = 46,0 MN/m2 
   (ibac-method) 
Bed joint      = 0,5 - 1,5 cm (inside) 
       = 2 cm (side view) 
Brick       = 15 cm 
Masonry wall   d = 15 ± 2,5 cm 
Failure stress          MN/m2 
2.3.2.1 Calculating Compression Strength According to (DIN EN 1996-1-1, 
Eurocode 6:1-1, 2013) 
For Sandstone bricks with Mortar Group III the factor K is K = 0,45 from the Table ‎2.1 in 
chapter ‎2.2.1. 
The normalized brick compression strength is the compression strength of brick with 
dimensions of 100 mm x 100 mm. It is calculated by multiplying the nominal strength      
with normalizing factor    taken from DIN EN 772-1.    =        =          =129,5 N/mm2 > 75 N/mm2 . So         N/mm2, where         is taken from DIN EN 772-1                                             MN/m2 
2.3.2.2 Calculating Compression Strength According to (Hilsdorf, 1965) and 
(Hilsdorf, 1969)                                       compression strength of masonry 
Brcf ,  uni-axial compressive strength of brick, 99,6 MN/m2 
Brtf ,  strength of the brick under biaxial tension, 3,0 MN/m2       compression strength of mortar, 16,9 MN/m2 
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     height of the bed joint, 2 cm    height of the brick, 15 cm                   =                 
U coefficient of non-uniformity, assumed to be 1,3                                         = 43,6 MN/m2 
2.3.2.3 Calculating Compression Strength According to (Mann, 1983)                                                     compression strength of masonry               compression strength of mortar tested on a test sample with       . Here 
16,9 MN/m2. 
T  factor of transfer area, assumed to be 0,85.      height of the bed joint, 2 cm. 
d   diameter of transfer area or diameter of brick, usually equal to wall width, 
15 cm. 
α  bed inclination angle 0°.                                                                                               
2.3.2.4 Calculating Compression Strength According to (Stiglat, 1984) 
For mortar group III:                                           N/mm2               cracking stress of masonry in N/mm2 , with a safety factor of 5 gives the 
compression strength of masonry as:       5 · 2,4 = 12       
The cracking stresses in the brick appear with almost 50% of the failure stresses of the 
masonry structure, this means 12·0,5=6       
2.3.2.5 Calculating Compression Strength According to (Berndt, 1996)       compression strength of masonry       axial compression strength of brick, 99,6 MN/m2       tensile strength of brick (splitting tensile strength), 3,0 MN/m2     height of the bed joint, 2 cm 
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      height of the brick or 10 cm (smallest value), 15 cm or 10 cm smallest is 10 cm       height of the brick or 20 cm (smallest value), 15 cm or 20 cm smallest is 15 cm 
d  brick width, from free edge to free edge, 15 cm    sum of crumbled depths on both sides of the brick, depending on test results it 
could be calculated by:                                                
 where the angle of internal friction   is calculated as        for MGr III     Poisson’s ratio of the plasticized mortar      for MGr III 
K1 reduction factor for the maximal splitting tensile force in the mid of the brick, 
usually = 0,3                                                                                                              
2.3.2.6 Calculating Compression Strength According to (Pöschel & Sabha, 
1996)        compression strength of masonry       compression strength of mortar, 16,9 MN/m2       compression strength of brick, 99,6 MN/m2       tensile strength of brick, 3 MN/m2     height of the bed joint, 2 cm 
w  wall width, from free edge to free edge, 15 cm 
                                                                                                                                                  
2.3.2.7 Calculating Compression Strength According to (Ebner, 1996)       tensile strength of brick, 3 N/mm2       axial compression strength of brick, 99,6 N/mm2 
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      ratio of maximal transversal tensile stress due to vertical joint to transversal 
tensile stress due to transversal deformation constraint, it is calculated using    thickness of the vertical joint, assumed to be 20 mm     height of the bed joint, 20 mm   angle of internal friction of the mortar, assumed to be 40° for MGr III (Berndt, 
1996)                                                                                                      ratio of transversal stress due to transversal deformation constraint to vertical 
stress, it is calculated using:     height of the brick, 150 mm                                                        inclination of the failure envelope of the brick, assumed to be = 1      ratio of the transversal stress due to partial area loading to vertical stress, it is 
calculated using:                                       
to define the value of   , we calculate two constants      and     :                                                         80 mm                                                         160 mm 
if                  then     , otherwise (                       ) then     , while: 
d = 150 mm brick width, so                                                                                  ok      smallest brick width, 150 – 25 = 125 mm 
c cohesion of the mortar, assumed to be 0,90 N/mm2  
Failure of the brick due to vertical joint influence is calculated using equation (‎2.15): 
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Failure of the brick due to transversal tensile stress is calculated using equation (‎2.16):                                                                                       
Failure of the mortar is calculated using equation (‎2.17):                                                                         
Equation (2.17) is only valid with       (i.e. MGr I), Ebner discussed only examples 
with      , and doesn’t mention the cases for       (MGr II and MGr III).     vertical stress in the brick (compression), from equations (‎2.15), (‎2.16) and (‎2.17) 
the minimum value is 16,21 N/mm2  
For a long wall from artificial brick the compression strength is calculated using 
equation (‎2.24):                                              
l  wall length, assumed to be 1 m = 1000 mm 
n number of vertical joints above and below a bed joint, assumed to be 3,5                                                                                       compression strength of masonry from rubble stone brick        compression strength of masonry from artificial stone brick, calculated 
using equation (‎2.24)    form factor,                                             
2.3.2.8 Calculating Compression Strength According to (Huster, 2000)       compression strength of masonry       axial compression strength of brick, 99,6 MN/m2       tensile strength of brick, 3,0 MN/m2     height of the bed joint, 2 cm      height of the brick or 10 cm (smallest value), 15 cm or 10 cm smallest is 10 cm 
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       height of the brick or 20 cm (smallest value), 15 cm or 20 cm smallest is 15 cm     brick width, from free edge to free edge or 40 cm (smallest value), 15 cm or 40cm 
smallest is 15 cm    sum of crumbled depths on both sides of the brick, depending on test results it 
could be calculated by:                                                
 where the angle of internal friction   is calculated as        for MGr III     Poisson’s ratio of the plasticized mortar       for MGr III 
K1 reduction factor for the maximal splitting tensile force in the mid of the brick, 
usually = 0,3                                                                                                                                  
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2.3.3 Irregular Coursed Rubble Masonry with Mortar Group I 
Material properties, geometry and test result: 
Sandstone bricks:     = 22,0 MN/m2 
   (nominal strength on cylinder) 
       = 1,6 MN/m2 
   (90% of the splitting tensile strength) 
Mortar Group I:     = 1,1 MN/m2 
   (middle value acc. (DIN 18555-3, 1982)) 
       = 12 MN/m2 
   (ibac-method) 
Bed joint      = 1,5 - 3,5 cm (inside) 
       = 2 - 5,5 cm (side view), middle value h = 3,75 cm 
Brick       = 15 cm, middle value 
Masonry wall   d = 17,5 ± 4,5 cm 
Failure stress         MN/m2 
2.3.3.1 Calculating Compression Strength According to (DIN EN 1996-1-1, 
Eurocode 6:1-1, 2013) 
For Sandstone bricks with Mortar Group I the factor K is K = 0,55 from the Table ‎2.1 in 
chapter ‎2.2.1. 
The normalized brick compression strength is the compression strength of brick with 
dimensions of 100 mm x 100 mm. It is calculated by multiplying the nominal strength      
with normalizing factor    taken from DIN EN 772-1.    =        =          =28,6 N/mm2 < 75 N/mm2 . So           N/mm2, where         is taken from DIN EN 772-1                                              MN/m2 
2.3.3.2 Calculating Compression Strength According to (Hilsdorf, 1965) and 
(Hilsdorf, 1969)                                       compression strength of masonry 
Brcf ,  uni-axial compressive strength of brick, 22,0 MN/m2 
Brtf ,  strength of the brick under biaxial tension, 1,6 MN/m2       compression strength of mortar, 1,1 MN/m2 
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     height of the bed joint, 3,75 cm     height of the brick, 15 cm                   =                  
U coefficient of non-uniformity, assumed to be 1,3                                    = 4,46 MN/m2 
2.3.3.3 Calculating Compression Strength According to (Mann, 1983)                                                     compression strength of masonry               compression strength of mortar tested on a test sample with       . Here 
1,1 MN/m2. 
T  factor of transfer area, assumed to be 0,85.      height of the bed joint, average value 3,75 cm. 
d   diameter of transfer area or diameter of brick, usually equal to wall width, 
17,5 cm. 
α  bed inclination angle 0°                                                                                                   
2.3.3.4 Calculating Compression Strength According to (Stiglat, 1984) 
For mortar group I:                                            N/mm2               cracking stress of masonry in N/mm2 , with a safety factor of 5 gives the 
compression strength of masonry as:       5 · 0,15 = 0,77       
The cracking stresses in the brick appear with almost 50% of the failure stresses of the 
masonry structure, this means 0,77·0,5 = 0,39      
2.3.3.5 Calculating Compression Strength According to (Berndt, 1996)       compression strength of masonry       axial compression strength of brick, 22,0 MN/m2       tensile strength of brick (splitting tensile strength), 1,6 MN/m2     height of the bed joint, 3,75 cm average value 
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      height of the brick or 10 cm (smallest value), 15 cm or 10 cm smallest is 10 cm       height of the brick or 20 cm (smallest value), 15 cm or 20 cm smallest is 15 cm 
d  brick width, from free edge to free edge, 17,5 cm average value    sum of crumbled depths on both sides of the brick, depending on test results it 
could be calculated by:                                                       
 where the angle of internal friction   is calculated as        for MGr I     Poisson’s ratio of the plasticized mortar      for MGr I 
K1 reduction factor for the maximal splitting tensile force in the mid of the brick, 
usually = 0,3                                                                                                                     
2.3.3.6 Calculating Compression Strength According to (Pöschel & Sabha, 
1996)        compression strength of masonry       compression strength of mortar, 1,1 MN/m2       compression strength of brick, 22,0 MN/m2       tensile strength of brick, 1,6 MN/m2     height of the bed joint, 3,75 average value cm 
w  wall width, from free edge to free edge, 17,5 average value cm 
                                                                           
                                                                                 
2.3.3.7 Calculating Compression Strength According to (Ebner, 1996)       tensile strength of brick, 1,6 N/mm2       axial compression strength of brick, 22,0 N/mm2 
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      ratio of maximal transversal tensile stress due to vertical joint to transversal 
tensile stress due to transversal deformation constraint, it is calculated using    thickness of the vertical joint, assumed to be 37,5 mm     height of the bed joint, 37,5 mm   angle of internal friction of the mortar, assumed to be 20° for MGr I (Berndt, 
1996)                                                                                                          ratio of transversal stress due to transversal deformation constraint to vertical 
stress, it is calculated using:     height of the brick, 150 mm                                                          inclination of the failure envelope of the brick, assumed to be = 1      ratio of the transversal stress due to partial area loading to vertical stress, it is 
calculated using:                                       
to define the value of   , we calculate two constants      and     :                                                           157 mm                                                           307 mm 
if                  then     , otherwise (                       ) then     , while: 
d = 175 mm brick width, so                                                                                 ok      smallest brick width, 175 – 45 = 130 mm 
c cohesion of the mortar, assumed to be 0,70 N/mm2  
Failure of the brick due to vertical joint influence is calculated using equation (‎2.15): 
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Failure of the brick due to transversal tensile stress is calculated using equation (‎2.16):                                                                                     
Failure of the mortar is calculated using equation (‎2.17):                                                                                   vertical stress in the brick (compression), from equations (‎2.15), (‎2.16) and (‎2.17) 
the minimum value is 5,82 N/mm2  
For a long wall from artificial brick the compression strength is calculated using 
equation (‎2.24):                                              
l  wall length, assumed to be 1 m = 1000 mm 
n number of vertical joints above and below a bed joint, assumed to be 3,5                                                                                        compression strength of masonry from rubble stone brick        compression strength of masonry from artificial stone brick, calculated 
using equation (‎2.24)    form factor,                                            
2.3.3.8 Calculating Compression Strength According to (Huster, 2000)       compression strength of masonry       axial compression strength of brick, 22,0 MN/m2       tensile strength of brick, 1,6 MN/m2     height of the bed joint, 3,75 cm average value      height of the brick or 10 cm (smallest value), 15 cm or 10 cm smallest is 10 cm       height of the brick or 20 cm (smallest value), 15 cm or 20 cm smallest is 15 cm 
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     brick width, from free edge to free edge or 40 cm (smallest value), 17,5 cm 
average value or 40 cm smallest is 17,5 cm    sum of crumbled depths on both sides of the brick, depending on test results it 
could be calculated by:                                                       
 where the angle of internal friction   is calculated as        for MGr I     Poisson’s ratio of the plasticized mortar       for MGr I 
K1 reduction factor for the maximal splitting tensile force in the mid of the brick, 
usually = 0,3                                                                                                                                            
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2.3.4 Summary of Test, EC6, and Research Results 
Sample Nr.1: Regular coursed rubble masonry with mortar group I. 
Sample Nr.2: Regular coursed rubble masonry with mortar group III. 
Sample Nr.3: Irregular coursed rubble masonry with mortar group I. 
 Sample Nr.1 Sample Nr.2 Sample Nr.3 
Test (Warnecke, 1995) 11,4 23,8 4,7 
(DIN EN 1996-1-1, 
Eurocode 6:1-1, 2013) 
11,6 21,5 5,92 
(Hilsdorf, 1965) and 
(Hilsdorf, 1969) 
37,3 43,6 4,46 
(Mann, 1983) 4,9 75,2 2,21 
(Stiglat, 1984) 3,5 12 0,77 
(Berndt, 1996) 10,4 18,2 2,9 
(Pöschel & Sabha, 1996) 13,8 41,7 5,4 
(Ebner, 1996) 3,56 6,13 1,28 
(Huster, 2000) 10,4 18,2 3,26 
Table ‎2.2: Summary of test, EC6 and research results 
The EC6 method with its characteristic value, although does not consider the geometry 
of masonry components, gives the best results which are the nearest to test results. 
In the method of (Hilsdorf, 1965) and (Hilsdorf, 1969) there are big differences from test 
results. Hilsdorf pioneer work assumes a linear elastic material behavior. Also he 
neglects the width of the brick in his equation. 
In the method of (Mann, 1983), there is big differences from test results. A possible 
reason for that could be considering only the mechanical properties and geometry of the 
mortar, and neglecting completely that of the other component brick. 
The method of (Stiglat, 1984) also gives very far results from test results. This method 
depending on the results of four samples could not be used to extract a formula to 
estimate the masonry strength. It doesn’t consider the geometry influence of masonry 
components on the strength of the masonry. 
The method of (Berndt, 1996) gives the best results among these research works. He 
considers the mechanical properties and geometry of masonry components. Its results 
are from 5% to 35% on the safe side. A refinement of this method as discussed in 
(Huster, 2000) makes it a promising method to consider the most important parameters 
to calculate the masonry strength. 
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The method of (Pöschel & Sabha, 1996), gives good results for mortar group I. It also 
considers most of the geometrical and mechanical properties of masonry components. 
The height of the brick is not considered. A possible refinement of it could be to consider 
the square of the mortar strength as in the EC6. 
The long and complicated method of (Ebner, 1996) gives very conservative results. 
Although it considers too many parameters, it was not able to reproduce the test results. 
The refinement of (Berndt, 1996) method as presented in (Huster, 2000) has not an 
effect on Samples Nr.1 and Nr. 2 where the brick width is 15 cm so the result is 
multiplied by 15/15=1. In sample Nr. 3 it gives better results than that (Berndt, 1996). 
The Eurocode 6 and the different research projects give different values to estimate the 
compression strength. Some research works show huge deviation from test results, like 
the case of Hilsdorf, but this method was the basis to develop the calculation method of 
Bernd, which has been refined later by Huster. 
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3 Numerical Modeling Using the eXtended Finite 
Element Method 
Numerical modeling is an essential tool for investigatiing the behavior of masonry under 
compression. To enhance the accuracy of the model XFEM has been used for crack 
simulation in combination with the plasticity methods, namely the extended Drucker-
Prager yield cap model which models the three axial material behavior, as will be seen in 
the next chapter ‎4.  
Non-converged numerical solutions and the need for remeshing to model cracks are 
main drawbacks of the classical Finite Element Method. Where in the classical FEM 
cracks leading to failure in masonry should be previously defined between elements, 
models based on the eXtended Finite Element Method XFEM has the advantage of 
allowing arbitrary cracks to grow inside the element. The plastic material model, 
extended Drucker-Prager yield cap, has, in addition to its failure surface, a moving 
yielding cap describing the change of elastic and inelastic material behavior due to the 
change of the micro-structure and closing mortar pores under three axial compression. 
The eXtended Finite Element Method (XFEM) is a numerical method that enables a local 
enrichment of approximation spaces. The enrichment is realized through the partition of 
unity concept. In this method enrichment functions are added to cut elements and crack 
tip elements, whereas standard elements are the known form of the Finite Element 
Method (FEM). (Fries, 2009). 
While classical Finite Element Method have problems to model discontinuity, singularity 
and high gradient, the eXtended Finite Element Method could overcome these 
drawbacks by extending/adding additional shape functions. 
3.1 Discontinuities in Models 
Most of the engineering problems are modeled in the context of continuum mechanics. 
The equations representing the field quantity of these models are partially differential 
equations. Discontinuities are modeled in contrast to real world as ideal; this means the 
corresponding length scale where the field quantity changes can be zero. 
3.2 Classification of Discontinuities 
Discontinuities may be classified as follows: 
3.2.1 Strong and Weak Discontinuities  
Strong discontinuities refer to a jump in a field quantity; whereas weak discontinuities 
only refer to a change in the gradient of the field quantity, see Figure ‎3.1. For example, a 
bi-material bending beam has a weak discontinuity in the displacement field, but a strong 
discontinuity in the stress and strain fields. 
 
 
  
strong discontinuity (field & gradient change)     weak discontinuity (gradient change)  
Figure ‎3.1: Strong and weak Discontinuities 
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3.2.2 Open and Closed Discontinuities  
Discontinuities are entities with one dimension less than the original domain. In two-
dimensional domains, they are lines, and in the three-dimensional domains, they are 
surfaces inside the domain. Open discontinuities end inside the domain, for example at 
crack tips, see Figure ‎3.2. All other discontinuities are closed, such as material 
interfaces. 
 
 
 
 
 
 
Open discontinuity,   closed discontinuity, 
         ends inside the domain           has no end inside the domain 
Figure ‎3.2: Open and closed discontinuity 
3.2.3 Moving and Fixed Discontinuities 
A discontinuity is fixed if its displacement conforms to the deformation of the continuum. 
Moving discontinuities may be found in crack growth problems. The position of the 
discontinuity is then given in the initial state and is part of the solution throughout the 
simulation. 
Table ‎3.1 characterizes some discontinuities for different applications of linear elastic 
models.  
application strong        weak open/closed moving/fixed 
multi-material 
problem 
                        c f 
crack                    - o f 
crack growth                     - o m 
shear band                     - o m 
form optimization 
with implicit structure 
                     - c m 
Table ‎3.1: Characterization of discontinuities in different applications of the model 
quotations of linear elasticity (displacement-based) equations; d, İ, σ are the 
displacements, strain and stress tensor respectively. 
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3.3 General Formulation of XFEM 
An XFEM approximation of a function u (x) has the following form 
                                                        (‎3.1) 
 
      strd. FEM approx.     enrichments 1, …, m 
or, by avoiding the double-summation,                                                                                (‎3.2) 
             
          strd. FEM approx.      enrichment   1           enrichment   m 
Where:       :  approximated function       :  standard FEM shape function of node      :  unknown of the standard FEM part at node     :  set of all nodes in the domain        :  local enrichment function of node   belonging to enrichment       :  unknown of enrichment   at node       :  nodal subset of enrichment  ,        
It can be seen that an XFEM approximation consists of a standard FEM approximation 
plus additional enrichments. Each enrichment consists of local enrichment functions        and unknowns     which are defined at nodes in       . The local enrichment 
functions are of the form                                                                   (‎3.3) 
            
      partition of unity fcts. global enrichment fcts.  
Where         are standard FEM shape functions which are not necessarily the same 
like those of the standard part of the approximation. 
Blending elements: Blending elements are elements with only some of their nodes in    , in this case        doesn’t build a partition of unity                 , in all elements 
whose nodes are in the subset     the shape functions        build a partition of unity. 
These elements may lead to numerical problems. 
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3.4 Description of Discontinuities 
The discontinuity could be described either explicitly or implicitly.  
Explicit representation is performed by means of a function f :         . For example, 
in two dimensions a circular discontinuity with radius r and center in (0,0) is defined by                
Implicit representation is the zero isoline of some scalar function f :       . For 
example, the zero level of              defines the same discontinuity as above.  
3.4.1 The Level Set Method 
According to (Osher, S.; Fedkiw, R.P., 2003), (Sethian, 1999) the discontinuity is 
described implicitly by means of zero level set of a scalar function (Level Set Function) in 
the domain                
Closed discontinuity decomposes   into    and   , the level set function       fulfills  
      > 0 in         < 0 in    
 
 
 
 
 
Figure ‎3.3: Level set function in closed discontinuity 
In open discontinuity the discontinuity ends in   and no sub domains results, in this case 
two level set functions are required (Stolarska, M.; Chopp, D.L.; Moës, N.; Belytschko, 
T., 2001) , (Stolarska, M.; Chopp, D.L., 2003);        describe the crack part and the 
tangential extension at the crack tip and       describes the crack tip and is typically 
orthogonal to crack path at the crack tip  
 
 
 
 
 
 
 
Figure ‎3.4: Level set functions in open discontinuity 
     > 0    
     < 0      < 0       
      < 0       > 0 
      < 0       > 0 
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3.5 Choice of the Enriched Nodes 
The XFEM is most frequently applied for solutions with discontinuities and/or 
singularities. Then two particular choices of the nodal subsets are typically chosen:  
For discontinuities, the nodal subset    is built from all element nodes of elements that 
are cut by the discontinuity, see Figure ‎3.5. Whether or not an element is cut by the 
discontinuity can conveniently be determined on element-level by means of the level-set 
function       
cut element:                                                (‎3.4) 
uncut elements:                                               (‎3.5) 
where     is the set of element nodes. 
For singularities, only the element nodes of the element containing the singularity may 
build the nodal subset   . Two level-set functions are required for the description a 
singularity exists on the tip of an open discontinuity. A singularity is present in an 
element if                                                                                           (‎3.6) 
where     and     are the intersection points of the zero-level of        with the element 
edges (if the element is cut), see Figure ‎3.5. It is also a typical choice for the subset    to 
include all nodes within a certain radius around the singularity, as shown in Figure ‎3.6. 
 
 
Figure ‎3.5: Node subset    for a a) discontinuity , and b) singularity  
 
         
         
         
        
         
         
        
Cut Element, 
Discontinuity 
Crack Tip Element, 
Singularity 
Standard Element 
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Figure ‎3.6: Node subset    for a a) discontinuity , and b) singularity  within a certain 
radius r 
3.6 Global Enrichment Functions 
3.6.1 Weak Discontinuities 
A solution shows a kink along weak discontinuities, or in other words, a jump in the 
gradient. The global enrichment function for this application is typically chosen as the 
abs-function of the level-set function,                           (‎3.7) 
See Figure ‎3.7. 
3.6.2 Strong Discontinuities 
Along strong discontinuities, a jump is present in the solution. A typical choice for the 
global enrichment function is the sign-function of the level-set function, 
                                                                  (‎3.8) 
Also the Heaviside function                                                   (‎3.9) 
may be chosen. It is noted that the sign- and Heaviside function lead to identical results 
as the span the same approximation space. For a visualization of the sign-enrichment 
and Heaviside enrichments, See Figure ‎3.7. 
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Figure ‎3.7: abs, sign and Heaviside enrichments, (Fries, 2009) 
3.6.3 Singularities 
For crack-tips an enrichment function is required which is not only singular at the crack-
tip but also discontinuous along the crack. In practice, often the following four global 
enrichment functions are used in two dimensions                     (‎3.10)                        (‎3.11)                     (‎3.12)                        (‎3.13) 
These functions depend on a local coordinate system       as shown in Figure ‎3.8.  
Figure ‎3.9 shows the enrichment functions (‎3.10) to (‎3.13). These enrichment functions 
have a singularity in their derivatives, as desired for crack-tip applications (because the 
stresses and strains are singular, not the displacements). 
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Figure ‎3.8: Coordinate system (r, Θ) at a crack tip 
 
 
 
Figure ‎3.9: Global enrichment functions for a crack tip enrichment, (Fries, 2009) 
3.7 Shifting of Enrichment Functions 
Standard FEM approximations are of the form                     (‎3.14) 
Because FEM shape functions have Kronecker-  property,                                   (‎3.15) 
the following property           holds, that is, the computed unknowns are directly the 
sought function values of        at node  . 
XFEM approximations are additional enrichment terms to (‎3.14), see (‎3.1). Then, the 
shape functions       together with the local enrichment functions        don’t have the 
x 
y 
(x,y) 
discontinuity 
Θ < 0 
Θ > 0 
Θ  
(xtip,ytip) 
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 crack mode 1 crack mode 2                                                                                                                                                                                                                                                                                                                                
Table ‎3.2: deformations and stresses near crack tip 
The Kolosov constant   is defined in terms of the Poissons’s ration   for: 
plain strain:            ,   plain stress:           (‎3.18) 
The parameters    and    are the stress intensity factors (Ewald, H.; Wanhill, R., 1989), 
where the indices 1 and 2 refer to the case of a mode 1 or mode 2 crack, respectively. 
Under general mixed-mode loadings, the displacements near the crack-tip 
asymptotically approach a linear combination of the exact displacements of the 
individual modes. The computation of the stress intensity factors is crucial in many 
practical applications as they completely determine the displacements, stress, and strain 
fields at the crack-tip and thereby characterize the behavior of the system. For example, 
the direction and length of a crack growth increment can be determined by the help of 
stress intensity factors. 
3.8.3 Crack Growth 
Crack growth is defined by the crack growth direction    and the crack growth length   . 
Among the criteria for determining the crack growth direction    are 
1. The maximum energy release rate (Nuismer, 1975), where the crack extends in a 
direction such that the energy release rate is maximized. Assume that the total 
energy of a cracked body is        , where W is the energy potential, F is 
the work due to external loads, and S is the surface energy of the crack faces. 
Then, the energy release rate is defined as          , which describes the 
released energy as the crack extends. 
2. The maximum principal stress criterion (Erdogan, F.; Sih, G., 1963), where a 
crack grows in a direction so that the hoop stress     is maximum. 
3. The minimum strain energy density criterion (Sih, 1974), where crack growth is 
assumed to occur in the direction which minimizes the strain energy density. 
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The first two have been shown to be identical for elastostatic fracture (Nuismer, 1975). 
Here only the maximum principal stress criterion is considered. The direction of 
maximum hoop stress is the orientation in which the shear stress vanishes, i.e.                                          (‎3.19) 
The solution         is irrelevant as it points inwards of the crack, so (‎3.19) becomes 
only zero for                      (‎3.20) 
Solving this equitation gives 
                                       (‎3.21) 
For this angle,     is a principal stress. One can find an “equivalent mode 1 stress 
intensity factor”      expressed with help of the maximum hoop stress                                              (‎3.22) 
The parameter      provides a single measure of the mixed-mode stress field and is 
used for determining the material-dependent crack growth length    under mixed-mode 
loading. 
3.8.4 Stress Intensity Factors  
The problem of computing the crack growth direction and length is now reduced to 
computing the stress intensity factors    and   . There are various approaches, one of 
them is the interaction-integral method based on the  -integral (Rice, 1968), 
                          (‎3.23) 
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Figure ‎3.11: The evaluation of J-integral can be done by means of a) a line integral or 
b) a domain integral with weight function q(x), (Fries, 1989). 
Where   is an arbitrary contour enclosing the crack tip, see Figure ‎3.11 a, with n its 
normal vector. A consequence is that far-field information can be used to determine 
crack-tip related quantities. The J-integral can be converted into a domain integral by 
introducing a weight function in the integral (‎3.23)  
                                                                                                                                                                 (‎3.24)    and    are two non-intersecting contours enclosing the crack-tip, see Figure ‎3.11 b. 
Then (‎3.23) is equivalent to: 
                              (‎3.25) 
The important relation between the  -integral and the stress intensity factors is                  (‎3.26) 
with 
                                                         (‎3.27) 
Two equilibrium states of cracked body are considered. State 1 with      ,       , and         
correspond to the real situation and state 2 with      ,       , and         correspond to an 
auxiliary state. The J-integral for the sum of the two states is                             (‎3.28) 
n
a) b)
q(x)=0
0< q(x) <1
q(x)=1  
    1 =
  2
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                                      (‎3.29) 
This can now be used to compute the individual stress intensity factors. For the choice of         and          follows    , and for         and          follows    as                      with             and                                                (‎3.30)                    with             and                                                (‎3.31) 
3.9 Flow Charts 
The previously explained XFEM will be used in the following chapters to show the failure 
behavior of masonry structure with different deformation properties of units and mortars. 
Depending on the stress state in masonry components, either the classical FEM or the 
XFEM will be used. If the transversal deformation of the mortar is greater, transversal 
tensile stress will appear in the unit and the XFEM will be used in it while the classical 
FEM will be used in the mortar. In the opposite case, the XFEM will be used in the 
mortar while in the unit the FEM will be used. The use of the XFEM for different 
deformation properties of unit and mortar is shown in the flow chart of Figure 3.12. 
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  Plot result. 
 
Figure ‎3.13: Flow chart shows the application steps of the XFEM  
 
3.10  Summary 
Some important properties of the XFEM and its application in masonry compression are 
summarized as follows: 
1. The XFEM, unlike the classical FEM, is used to show cracks inside elements 
without the need for remeshing. This method will be used in tensioned 
component of compressed masonry structure. This component is the mortar 
Start
Read: 
mesh data, level set values, test case parameters, boundary conditions
Determine enriched 
elements and nodes, at crack 
tip and along the crack
End
Define boundary 
conditions  [RHS]
Read: 
position and orientation of crack tip
Print: mesh, crack,
enriched elements and nodesSet integration points in the element
CurrElem k
Loop over 
each element
CurrElem
k=k+1
CurrElem k = 1
Get coordinates and level set 
values of element nodes
Define enriched nodes at 
crack tip or along the crack
Get shape and enriched 
functions in the element [N]
Build the stiffness matrix
of the element [Ke]
CurrElem < 
number of elements
yes no
Build the stiffness matrix
of the system [K]
Solve equations
[U] = [RHS] / [K]
Plot results: Deformation 
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when deformation properties of the unit are greater than those of the mortar, and 
it is the unit in the other case. 
2. The enrichment in the XFEM is realized locally, additional unknowns result due to 
the enrichment. The choice of the enriched nodes, the enrichment function, and 
the partition of unity functions define a particular, problem-dependent realization 
of the XFEM. 
This method will be used to show the failure process in masonry structure under 
compression. Numerical models based on the XFEM, in addition to comparing with test 
results, are used to verify the proposed analytical formula. The proposed method of 
XFEM will be used later in chapters 5.3 and 5.4, to show the failure process and crack 
growth in the unit in the case of weak mortar, and the crack growth in the mortar in the 
case of strong mortar.  
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4 Three Axial Modeling of Mortar Behavior in Masonry 
In the following the three axial material model, extended Drucker-Prager yield cap model 
will be used to model the behavior of masonry components. First, the basic relations and 
definitions of stresses, principal stresses, strain decompression, yield surfaces, plastic 
flow rule and hardening rules will be presented. The classical Drucker-Prager will also be 
presented, including defining its parameters with numerical examples. Then the 
extended Drucker-Prager yield cap model is presented, its relation to the classical 
Drucker-Prager model, defining its parameters from test results, modeling it with 
numbers in the finite element software ANSYS and showing results and conclusions. 
4.1 Basics 
4.1.1 Stress Analysis, Basics and Definitions 
In this chapter, some basics of stress analysis will be presented. Only necessary 
equations to understand the following chapters will be shown. For more details about 
extracting them, please refer to relevant publications e.g. (Yu, 2006), (Zienkiewicz, 
2000). 
Cauchy stress invariants in terms of stresses:                                                                                        
Stress invariants in terms of principal stresses            :                                         
Two dimensional principal stresses          in terms of stresses             :                              
Two dimensional maximal / minimal shear stresses              in terms of stresses            :                             
Maximal shear stresses      in terms of principal stresses            :                    
Assuming              then 
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Stress deviatoric invariants in terms of stresses:                                                                                        
Stress deviatoric invariants in terms of principal stresses            :                                                                         
Equivalent stress or von Mises stress:                                             
Mean stress or hydrostatic stress, it is the same in all directions:                            
Elastic stress-strain relation:                    
where    ,     strain and stress tensors, respectively.     Kronecker delta = 1 if i = j, and = 
0 otherwise.     mean or hydrostatic stress. E, G, and   are elastic modulus, shear modulus and Poisson’s ratio, respectively. They related with:           
4.1.2 Strain Decomposition 
Materials, like metals and rocks, have during loading elastic region where deformation is 
proportional to the load. Beyond the elastic limit they have a non-recoverable plastic 
strain. 
In the Figure 4.1 below,    is the yield stress and    is the limit stress. Representing the 
yield stress in the 3 dimensional principal stresses gives the yield surface, while 
representing the limit stress gives the limit or failure surface. Limit or failure surface 
is then greater than the yield surface(s) and includes it (them, this is the case of 
hardening where there are more than one yield surface). Total strain   can be 
decomposed into elastic     and plastic     strain.  
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Figure ‎4.1: Stress-strain curve for an elastic-plastic material (ANSYS, Release 14.5) 
In elastic region, the stress is proportional to strain           (‎4.2) 
In plastic region, the flow theory of plasticity decomposes the incremental strain into 
elastic and plastic strain increments               (‎4.3) 
4.1.3 Yield Surface 
Representing the yield function in the stress space gives the yield surface, see Figure 
‎4.2 below. If the stress state is inside the yield surface then the deformation is elastic. 
Stresses outside the yield surface don’t exist, because plastic strains start as the stress 
state reaches the yield surface and keeps the stresses on or inside the yield surface. 
 
        
   
      
   
  
  

 4.1 Basics  81 
 
 
Figure ‎4.4: Drucker-Prager yield surface in principal stress space, with cap 
In tensile region, failure occurs due to stress concentrations near cracks and voids. The 
failure occurs suddenly without plastic deformation. 
4.1.4 Plastic Flow Rule (Plastic Deformation Rule) 
According to the concept of plastic potential (v. Mises, 1928), the strain stress relation 
corresponding to the yield function is:                (‎4.4) 
Where  İ    is the plastic strain rate,   is a positive factor for proportionality (plastic 
multiplier).   σ    is the plastic potential represents a surface in the six-dimensional 
stress space, and σ   is the stress tensor. The plastic strain rate  İ    can be represented 
as a vector perpendicular to the surface   σ   . 
If the plastic potential   is equal to yield function   the flow rule is termed as 
associative, and the plastic strains occur in direction normal to the yield surface, see 
Figure ‎4.5 below:                (‎4.5) 
σ1 
σ2 
σ3 
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Figure ‎4.5: Plastic Strain Flow rule (ANSYS, Release 14.5) 
In this case the plastic strain increment       is proportional to the stress increment     . 
This case is suitable to describe the plastic deformation of metals. 
If the plastic potential   is not equal to yield function   the flow rule is termed as non-
associative. This rule is suitable for porous materials, like rocks, concrete and soils, 
which deform plastically due to internal friction sliding. In this case the plastic strain 
increment       is not in the same direction as stress increment     . 
In (ANSYS, Release 14.5) the associative flow rule is defined as     , and non-
associative when     or    . Where   is dilatancy angle, and   is angle of internal 
friction. The amount of dilatancy (increase of material volume due to yielding) is 
controlled by dilatancy angle. 
4.1.5 Hardening 
After initial loading, yield surface is dependent on the plastic strain    , and may change 
its size and position. Common types of hardening are: isotropic (or work) hardening, 
kinematic hardening, or both isotropic and kinematic hardening. See Figure ‎4.6 and 
Figure ‎4.7.  
Hardening occurs due to change in the microstructure of the material, e.g. porosity.  
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Figure ‎4.6: Isotropic hardening    kinematic hardening 
 
Figure ‎4.7: Both, isotropic and kinematic hardening 
4.2 Classical Drucker-Prager Yield Function 
4.2.1 Definition 
Drucker and Prager (Drucker & Prager, 1952) proposed a yield function             
expressed as:                (‎4.6) 
Where   and    positive constants at each point of the material.      first invariant of Cauchy stress, in terms of principal stresses it is   
                     second invariant of deviatoric part of  Cauchy stress, in terms of principal 
stresses it is                                    
σ1 σ2 
σ3 
σ1 σ2 
σ3 
σ1 σ2 
σ3 
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This surface can be used as failure surface as well as yield surface. 
In terms of principal stresses, the Drucker-Prager can be written as  
                                               (‎4.7) 
If    is the yield stress in uniaxial tension, the Drucker-Prager is:                                          
            (‎4.8) 
If    is the yield stress in uniaxial compression, the Drucker-Prager is:                                           
             (‎4.9) 
Solving‎(‎4.8)‎and (‎4.9) gives:                    ;                    (‎4.10) 
4.2.2 Expressions of   and   in Terms of Cohesion     and Friction Angle     
Drucker-Prager yield surface is a smooth version of the Mohr-Coulomb yield surface, so 
it is often expressed in terms of cohesion     and angle of internal friction   , (Yongli, 
2011). 
If we assume that the Drucker-Prager yield surface circumscribes the Mohr-Coulomb 
yield surface then the expressions for   and   will be:                        ;                      (‎4.11) 
If the Drucker-Prager yield surface inscribes the Mohr-Coulomb yield surface then the 
expressions for   and   will be:‎                       ;                      (‎4.12) 
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4.2.3 Expressions of    and    in Terms of Cohesion     and Friction 
Angle     
The values of tensile    and compression    strengths in Drucker-Prager model are 
given by (Faella & Mazzolani, 2009):                    ;                   (‎4.13) 
Where   and   are calculated using (‎4.11) and (‎4.12), taking   as an absolute value. 
However, tests shows that the real tensile    and compression    strengths of the material 
differs from tensile    and compression    strengths in Drucker-Prager model (Faella & 
Mazzolani, 2009). Drucker-Prager model overestimates tensile strength, and the 
application of tensile “cut-off” requires                . Moreover, in order to 
consider the correct plastic behavior of masonry the compression    strength of the 
material must be greater than that    given by Drucker-Prager model        . 
4.2.4 Numerical Examples 
In the following some numerical examples for a mortar material in both cases: Drucker-
Prager yield surface circumscribes the Mohr-Coulomb yield surface and Drucker-
Prager yield surface inscribes the Mohr-Coulomb yield surface. In Figure ‎4.8 is a three 
dimensional representation. 
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D-P inscribe M-C D-P circumscribe M-C 
Example Nr. 1 
C=0,06 N/mm²                                                                                                                                                                 N/mm²                                                  N/mm² 
Example Nr. 2 
C=0,06 N/mm²                                                                                                                                                                  N/mm²                                                   N/mm² 
Example Nr. 3 
C=0,06 N/mm²                                                                                                                                                                   N/mm²                                                    N/mm² 
Example Nr. 4 
C=0,06 N/mm²                                                                                                                                                                  N/mm²                                                    N/mm² 
Example Nr. 5 
C=5 N/mm²                                                                                                                                                             N/mm²                                                   N/mm² 
Example Nr. 6 
C=5 N/mm²                                                                                                                                                               N/mm²                                                   N/mm² 
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Figure ‎4.8: Drucker-Prager yield surface in the principal coordinate system, Example 3 
and Example 4. 
Compression strengths    is given also in (Bonić, Vacev, Prolović, εijalković, & Dančević, 2010) in terms of cohesion     and friction angle     as:                  (‎4.14) 
By taking the example 1 where C = 0,06 N/mm² and      , using equation (‎4.14)                       it gives        , the same value above. 
4.2.5 Expressions of Cohesion     and Friction Angle     in Terms of    
and    
The cohesion     and angle of internal friction    can be expressed in terms of uniaxial 
tensile strength    and uniaxial compression strength    by, (Chen, 1982):                     ;                  (‎4.15) 
If we take Example Nr. 1 with the values: 
C = 0,06 N/mm²  &         >>           N/mm²  &          N/mm² 
And calculate cohesion     and angle of internal friction    from uniaxial tensile strength    and uniaxial compression strength    we will have, using equations (‎4.15): 
D-P inscribe M-C 
D-P circumscribe M-C σ1 
σ2 
σ3 
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          N/mm² ;         N/mm²                                                 (!)                                                N/mm² 
4.3 Extended Drucker - Prager Cap Yield Function 
This function is composed of two functions, failure surface and isotropic hardening yield 
cap surface (Schwer & Murray, 1994).  
The failure surface is given by:                          (‎4.16) 
Where         are model parameters defined by laboratory tests of the material. (Chu & 
Brandt, 1987) showed how to get these parameters from test results of limestone.  
If we take the classical Drucker-Prager model (‎4.6)               , we notice that it is 
a special case of the Extended Drucker-Prager model with      = 0 ,           and          . 
The isotropic hardening yield cap surface is given by:  
                                                    (‎4.17) 
The function    is unity for        , and elliptical for              . Here   is the 
hardening parameter that controls the motion of the cap surface.             define the 
geometry of the cap surface.  The function    has an elliptical shape, which equation is:                        (‎4.18) 
Here     ,     ,        ,     , a =           , b =      . By putting these 
values in (‎4.18) we get (‎4.17). By introducing another parameter R, which is the constant 
ratio of major to minor axes of elliptical cap                   , equation (‎4.17) can be 
rewritten as:                                          (‎4.19) 
At the intersection with failure surface      , so R is:                                 (‎4.20) 
Where      is defined by:  
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                    (‎4.21) 
Where    is the value of    at the intersection of failure and cap surfaces. In (Chu & 
Brandt, 1987)     , so (‎4.21) can be rewritten as:                  (‎4.22) 
Note that failure surface is constant, while the isotropic hardening yield cap surface 
could be moved depending on the value of the hardening parameter  , see Figure ‎4.9 
below. 
 
Figure ‎4.9: The failure curve and the isotropic hardening yield caps 
The movement of cap is defined by the isotropic hardening rule:                                (‎4.23) 
Where     is the plastic volumetric strain, W is the maximum plastic volumetric strain (at hydrostatic compression ‘lock up’),    is the initial intercept of the cap surface,    and    
are shape factors. 
    
             
                        failure surface (EDP)                                         
Initial hardening yield cap surface  
                                             
New hardening yield cap surface (after hardening) 
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4.4 Defining the Parameters of Extended Drucker-Prager Cap 
Model 
Extended Drucker-Prager cap model is defined by equations (‎4.16), (‎4.19), (‎4.20) and 
(‎4.23)                          (‎4.16)                                         (‎4.19)               (‎4.20)                               (‎4.23) 
To define the model, we need the parameters:  ,  ,   and   for equation (‎4.16),   for 
equations (‎4.19) and (‎4.20), and ,   ,   ,    for equation (‎4.23). 
As an example we will take the putty lime mortar as presented in (Hayen, Van Balen, & 
Van Gemert, 2004). We will take two diagrams from it, and then reproduce them to have 
further diagrams which will help to define the extended Drucker-Prager cap model 
parameters. 
First diagram is the vertical and horizontal deformations in uni-axial and triaxial loading 
conditions, as shown in Figure ‎4.10 below. In this diagram     is the applied vertical 
stress, and  h is the confining stress in horizontal direction. The confining horizontal 
stress is percent of the vertical load; it is either 0 (uni-axial), 15  or 100 % of the vertical 
load. 
In this diagram we can notice the change of material behavior, from brittle in case of uni-
axial load (0 %), to elastic plastic behavior in case of triaxial loading condition (15 and 
100%). 
Second diagram shows the volumetric deformations in uni-axial and triaxial loading 
conditions. Under uniaxial or triaxial loading condition with low confining horizontal 
strength ( h    < 25 % ), the initial volumetric reduction due to closing of existing cracks 
and voids is followed by volumetric expansion due to growth of fine vertical cracks and 
development of shear band. With higher confining horizontal stress ( h    = 25 % and 
75 %), we have only volumetric reduction since no shear failure can develop, only pore 
collapse is present. 
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Figure ‎4.10: Vertical and horizontal deformations in uni-axial and triaxial loading 
conditions. The legend represents κ in hundredths of a unit (Hayen, Van Balen, & Van 
Gemert, 2004) 
 
Figure ‎4.11: Volumetric deformations in uni-axial and triaxial loading conditions. The 
legend represents κ in hundredths of a unit (Hayen, Van Balen, & Van Gemert, 2004) 
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The diagram in Figure ‎4.11 is recalculated in terms of     and    and shown in Figure 
‎4.12, where     and    are calculated as follows:                                                                                               
                                                                                          
The values of the parameters  ,  ,   and   for equation (‎4.16) are defined using Matlab 
command “nlinfit”, see appendix C. With the help of this command, it is possible to 
define the constants of an equation when we have some points representing this 
equation. “nlinfit” uses the Levenberg-Marquardt algorithm for nonlinear least squares to 
compute non-robust fits. This gives the values of  ,  ,   and   respectively as: 
0,0005  0,0001  -0,000007 -0,057704  
 Figure ‎4.13 shows the input points as *, and the extracted function plotted as a 
continuous curve. 
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Figure ‎4.12: Extended Drucker-Prager Cap model for putty lime mortar 
 
 Figure ‎4.13: Extracting the constants of Extended Drucker-Prager Cap model for putty 
lime mortar, * input data points,           curve of the extracted function, in Matlab 
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The parameters  ,   ,   ,    for equation (‎4.23) are defined by reproducing curve 075 
of Figure ‎4.11 to plot the plastic volumetric strain     in terms of 3x hydrostatic pressure 
or -  , see Figure ‎4.14. 
3x hydrostatic pressure in case            is given by: 
 3x                                                             
From Figure ‎4.10, it can be seen that plastic strains start at a compression value of 
around 2,5 MPa, this corresponds to 3x hydrostatic pressure or         MPa. So 
equation (‎4.23) turns with considering the negative value of volumetric strain to:                                   (‎4.24) 
The values of the parameters  ,    and    for equation (‎4.24) are defined also using 
εatlab command “nlinfit”. This gives the values of ,    and     respectively as: 
-0,143  -0,03  -0,00005 
 Figure ‎4.15 shows the input points as *, and the extracted function plotted as a 
continuous curve. 
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Figure ‎4.14: Plastic volumetric strain in terms of 3x hydrostatic pressure or –  
 
 
 Figure ‎4.15: Plastic volumetric strain in terms of 3x hydrostatic pressure or – , * input 
data points,           curve of the extracted function, in Matlab 
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The value of R which controls the size of the cap is assumed to have a value of 7,           MPa, this values should be verified and compared with test results. 
Equation (‎4.19) turns to:                                             (‎4.19) 
By plotting this function on Figure ‎4.12, we get Figure ‎4.16. 
 
Figure ‎4.16: Extended Drucker-Prager Cap model for putty lime mortar, numerical 
example 
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In summary the values of the parameters are given in the Table ‎4.1 below, with the 
signs: 
Symbol, Equation Value with sign Equation   (‎4.19) (‎4.20) + 7 
 
 
                                        
                                                           (‎4.19) 
                                                   (‎4.20)    (‎4.23) - 7.5    (‎4.16) + 0.0005                                      (‎4.16)   (‎4.16) - 0.000007   (‎4.16) + 0.0001   (‎4.16) - 0.057704 
       (‎4.23) - 0.143                                         (‎4.23)    (‎4.23) - 0.030    (‎4.23) - 0.00005 
    
Table ‎4.1: Summary of Extended Drucker-Prager Cap parameters for putty lime mortar 
4.5 ANSYS Modeling of Extended Drucker-Prager Cap Model 
In ANSYS (ANSYS, Release 14.5), there is a material model defined as Extended 
Drucker-Prager Cap Yield Criterion and Hardening, its parameters are shown in the 
Table ‎4.2. 
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Table ‎4.2: Extended Drucker-Prager Cap Yield Criterion and Hardening as defined in 
(ANSYS, Release 14.5) 
If we have a non-associative flow rule, where the plastic potential   is not equal to 
yield function  , the plastic potential parameters should be defined as well. It is possible 
to define these parameters in ANSYS as shown in Table ‎4.3 below:  
 
 
Table ‎4.3: Extended Drucker-Prager Cap Plastic Potentials as defined in (ANSYS, 
Release 14.5) 
In Table ‎4.4 ANSYS symbols and the symbols used in this study, with the values for 
putty lime mortar are shown: 
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ANSYS Symbol  Symbol in this study,     Equation Value with sign 
C1      (‎4.19) (‎4.20) + 7 
C2    n.d.    
C3       (‎4.23) - 7.5 
C4      (‎4.16) + 0.0005 
C5      (‎4.16) + 0.000007 
C6     (‎4.16) + 0.0001 
C7      (‎4.16) + 0.057704 
C8   n.d.    
C9        (‎4.23) + 0.143 
C10         (‎4.23) + 0.030 
C11        (‎4.23) - 0.00005 
  n.d. not defined  
Table ‎4.4 : Parameters of Extended Drucker-Prager Cap Yield function as defined in 
(ANSYS, Release 14.5), and the symbols used in this study 
For more clarity, will show the equations used in (ANSYS, Release 14.5), and the 
corresponding equations used in this study, see Table ‎4.5: 
Equations used in (ANSYS, Release 
14.5) 
Equations in this Study 
                                           
                                                           (‎4.19) 
 
 
                                         (‎4.20) 
 
                                (‎4.16) 
 
                                  (‎4.23)    
Table ‎4.5 : Extended Drucker-Prager Cap equations in this study and in (ANSYS, 
Release 14.5) 
 4.6 ANSYS Example 100 
 
Notes on the values of Table ‎4.4:  All values are positive, except the constant C3 must be negative. Constant C11 
could be either negative or positive.  Constant C1 must be less than the constant C3. i.e.      .  It is little difficult to extract the constants as explained in chapter ‎4.4, because 
later on in chapter 4.6 ANSYS often gives error messages saying the constants 
doesn’t fits to some internal conditions in the software given to constants C1 to 
C11. 
4.6 ANSYS Example 
In the following a simple example in ANSYS will be presented to explain the Extended 
Drucker-Prager Cap Yield function. The parameters of the function will be taken as 
extracted in chapter ‎4.4, See Table ‎4.6. The used input code is shown in appendix A. 
ANSYS Constant and Symbol  Value with Sign 
C1    + 7 
C2    + 1 
C3    - 7.5 
C4    + 0.0005 
C5   + 0.000007 
C6   + 0.0001 
C7   + 0.057704 
C8   + 0.9 
C9     + 0.143 
C10     + 0.030 
C11     - 0.00005 
Table ‎4.6 : Values of the Parameters of the Extended Drucker-Prager Cap Yield function 
to be used in the example in ANSYS (ANSYS, Release 14.5) 
The resulted function is presented in the diagram shown in Figure ‎4.17. This material is 
used for a cube 200x200x200 mm supported from three not-parallel faces and subject to 
pressure on the opposite three faces, Figure ‎4.18. 
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plastic strains are summarized in the Table ‎4.7. Detailed results are shown in appendix 
B. 
 
  Point P1 Point P2 Point P3 Point P4 Point P5 
In
pu
t 
Pressure X [MPa] 2,00 3,00 0,75 0,75 4,00 
Pressure Y [MPa] 2,00 3,00 1,50 2,50 5,00 
Pressure Z [MPa] 2,00 3,00 0,75 0,75 4,00 
O
ut
pu
t 
         [MPa] -2,00 -2,50 -0,98 - -4,62          [MPa] -2,00 -2,50 -1,31 - -5,25          [MPa] -2,00 -2,50 -0,98 - -4,62 
         [MPa] -6,00 -7,50 -3,27 - -14,49 
        [MPa] 0,00 0,00 0,19 - 0,36 
 
Region Elastic 
Initial Yield 
cap surface 
Failure 
surface Failure 
New Yield 
cap surface 
O
ut
pu
t 
             
-0,001455 -0,001818 -0,535e-03 - -0,003008              
-0,001455 -0,001818 -0,00131 - -0,004519              
-0,001455 -0,001818 -0,535e-03 - -0,003008              0 -0,364e-03 -0,399e-03 - -0,001832              0 -0,364e-03 -0,599e-03 - -0,021271              0 -0,364e-03 -0,399e-03 - -0,001832 
Table ‎4.7 : Applied pressure values in the X, Y and Z directions, the resulting stresses, 
elastic and plastic strains 
The constants    and    are calculated, as mentioned in chapter ‎4.1.1, by:                                                    
Point P1: 
The applied pressure leads to a stress state located in the elastic region. 
 
Point P2: 
The applied pressure leads to a stress state outside the elastic region, in the plastic 
region. However, stresses outside the yield surface don’t exist, because plastic strains 
start as the stress state reaches the yield surface and keeps the stresses on or inside 
the yield surface. So the point moves from the plastic region to the yield cap surface. 
Without the plastic strains the point would have the coordinates P2’ (-9.00, 0.00) which is 
in the plastic region. 
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Point P3: 
The applied pressure leads to a stress state in the failure region. However, plastic strain 
keeps the stresses on or inside the failure surface. So the point moves from the failure 
region to the failure surface. Without the plastic strains the point would have the 
coordinates P3’ (-3.00, 0.433) which is in the failure region. 
 
Point P4: 
The applied pressure leads to a stress state in the failure region. The plastic strains are 
not able to move the point from the failure region to the failure surface. The point have 
the coordinates P4 (-4.00, 1.00) which is in the failure region. In this case, the ANSYS 
run fails before reaching the end. 
 
Point P5: 
The applied pressure leads to a stress state outside the elastic region, in the plastic 
region. However, stresses outside the yield surface don’t exist, because plastic strains 
start as the stress state reaches the yield surface and keeps the stresses on or inside 
the yield surface. So the point moves from the plastic region to the yield cap surface. 
Without the plastic strains the point would have the coordinates P5’ (-13.00, 0.58) which 
is in the plastic region. (similar to the case of point P2). 
4.7 Summary and Results 
A model is proposed to model the three axial material behavior of mortar in masonry 
structure. The model is called: Extended Drucker-Prager Cap Yield Function. It 
considers the elastic, plastic and failure of the material in three axial loading conditions. 
The study starts with an introduction including basics and definitions of parameters used 
later in the study. Classical Drucker-Prager model is described before talking about the 
Extended Drucker-Prager Cap Yield Function. Later, it is explained how to define the 
parameters of this function by using test diagrams taken from other study (Hayen, Van 
Balen, & Van Gemert, 2004). These parameters are used in a model in the finite element 
software ANSYS (ANSYS, Release 14.5). Finally, a simple cube model is performed in 
ANSYS, including results and discussion. 
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5 Numerical Applications 
The following examples will be used for the verification of the numerical modeling and to 
get advices which material, numerical methods are suitable for modeling. 
In this chapter there are different numerical examples, using the plasticity material 
models presented in chapter ‎4, and discontinuous numerical methods presented in 
chapter ‎3. This examples cover both cases, the case when          and when         , as will be seen in chapter ‎6. 
5.1 Classical Drucker-Prager Yield Function 
In this example a three dimensional finite element model is used to model the masonry 
structure. Linear elastic material model is assumed for brick with elasticity modulus                and poison ratio         . For the mortar, a Drucker-Prager 
material model is used with elasticity modulus              , poison ratio         , cohesion            , dilatancy angle     , and angle of internal friction  =20° or  =40°. For comparison, the model is calculated with elastic material behavior 
of mortar. The bricks are 200x200x100 mm. The mortar is either 20 mm or 5 mm thick. 
The compression is applied as displacement on the top of the model. See Figure ‎5.1.  
 
 
Figure ‎5.1: FEM Model, mesh, constraints and geometry 
This loading leads to three axial compression state in the mortar, and compression in 
load direction and tension in transversal direction in the brick. See Figure ‎5.2 and Figure 
‎5.3. 
Brick
Mortar
Displacement
100 mm
t= 20 mm
or
5 mm
200 mm200 mm
constarints
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Figure ‎5.2: Stress state in brick in load direction and in transversal direction. Both brick 
and mortar are elastic. 
 
 
Figure ‎5.3: Stress state in mortar in load direction and in transversal direction. Both brick 
and mortar are elastic. 
Figure ‎5.4 shows the transversal / vertical stresses in the brick edge near to contact 
surface with 20 mm thick mortar, in elastic case and in Drucker-Prager model case with 
angle of internal friction  =20° and  =40°. The diagram shows peak transversal (tensile) 
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stresses near the edge of the brick. This tensile peak induces vertical cracks in the unit, 
leading later to failure of the structure. Figure ‎5.5 shows the stresses in the brick middle.  
 
 
Figure ‎5.4: Transversal / vertical stresses in the brick edge near to contact surface with 
20 mm thick mortar, in elastic case and in Drucker-Prager model case with angle of 
internal friction  =20° and  =40° 
 
 
Figure ‎5.5: Transversal / vertical stresses in the brick middle near to contact surface with 
20 mm thick mortar, in elastic case and in Drucker-Prager model case with angle of 
internal friction  =20° and  =40° 
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Figure ‎5.6 and Figure ‎5.7 shows the same diagrams for thin bed mortar of 5 mm. The 
stress peaks in this case are directly at the edge of the unit, while in case of thicker bed 
joint of 20 mm they are at a small distance from unit edge. 
 
 
Figure ‎5.6: Transversal / vertical stresses in the brick edge near to contact surface with  
5 mm thick mortar, in elastic case and in Drucker-Prager model case with angle of 
internal friction  =20° and  =40° 
 
 
Figure ‎5.7: Transversal / vertical stresses in the brick middle near to contact surface with  
5 mm thick mortar, in elastic case and in Drucker-Prager model case with angle of 
internal friction  =20° and  =40°  
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5.2 Extended Drucker - Prager Cap Yield Function 
The same example shown in previous chapter ‎5.1 will be presented here, but with the 
material model explained in chapter 4, the extended Drucker-Prager cap yield model, 
which  considers the inelastic behavior under hydrostatic compression due to void 
collapse. Hardening will be considered as well. 
Material parameters for this model are listed in Table ‎5.1, see chaper 4.6. 
ANSYS Constant and Symbol  Value with Sign 
C1    + 7 
 C2    + 1 
C3    - 7.5 
C4    + 1 
C5   + 0.931 
C6   + 0.0001 
C7   + 0.058 
C8   + 0.9 
C9     + 0.052 
C10     + 0.076 
C11     - 0.0 
Table ‎5.1 : Values of the Parameters of the Extended Drucker-Prager Cap Yield function 
to be used in the example in ANSYS (ANSYS, Release 14.5) 
 
This loading leads to three axial compression state in the mortar, and compression in 
load direction and tension in transversal direction in the brick. See Figure ‎5.8 and Figure 
‎5.9. 
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Figure ‎5.8: Stress state in brick in load direction and in transversal direction. Brick is 
elastic and Mortar is extended Drucker-Prager model. 
 
 
Figure ‎5.9: Stress state in mortar in load direction and in transversal direction. Brick is 
elastic and Mortar is extended Drucker-Prager cap yield model. 
Figure ‎5.10 shows the transversal / vertical stresses in the brick edge near to contact 
surface with 20 mm thick mortar, in elastic case and in extended Drucker-Prager cap 
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yield model case. The diagram shows peak transversal (tensile) stresses near the edge 
of the brick. This tensile peak induces vertical cracks in the unit, leading later to failure of 
the structure. Figure ‎5.11 shows the stresses in the brick middle.  
 
 
Figure ‎5.10: Transversal / vertical stresses in the brick edge near to contact surface with 
20 mm thick mortar, in elastic case and in extended Drucker-Prager cap yield model. 
 
 
Figure ‎5.11: Transversal / vertical stresses in the brick middle near to contact surface 
with 20 mm thick mortar, in elastic case and in extended Drucker-Prager cap yield 
model. 
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5.3 Compression Strength in Case   �    �� 
In this example, the material data used in the model are taken from (Binda, Fontana, & 
Frigerio, 1988). In this test, mechanical compressive properties are evaluated for 
masonry prism built from three different mortar types. The prisms dimensions were 
500x250x600 mm. The bricks were 250x120x55 mm. Mortar thickness is 12 mm. We will 
take here mortar 1, prism MU1. The mechanical properties of the brick and mortar are 
listed in Table ‎5.2 
 Brick Mortar 1 Prism MU1 
Compressive strength [N/mm2] 26,9 3,2 11,0 
Tensile strength [N/mm2] 3,7 0,7 - 
Elastic modulus [N/mm2] 4865 1178 1651 
Poisson ratio [ - ] 0,094 0,057 0,065 
Table ‎5.2 : The mechanical properties of the brick, mortar1 and prism MU1 
The mortar is modeled with the extended Drucker-Prager cap model of Abaqus 6.12-1, 
with compression hardening. Brick is linear elastic. However, brick is allowed to crack 
growth using the eXtended Finite Element Method. The material parameters used to 
build these models are listed in Table ‎5.3 
 Brick Mortar 1 
Cohesion [N/mm2] 11,286 1,343 
Friction angle [degrees] 10 10 
Dilatancy [degrees] 5 5 
Tensile fracture energy [ N/mm ] 0,19 0,04 
Compressive fracture energy [ N/mm ] 12,5 2,7 
Flow stress ratio*  1 
Hardening yield stress*  7,5 
Table ‎5.3 : Material parameters of brick and mortar1 used for EDP-Cap and XFEM.  
(*) assumed values 
The model is supported at the bottom; the compression is applied in steps as 
displacement on the top of the model. The model is shown in Figure ‎5.13. 
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5.4 Compression Strength in Case  ��     � 
In this example, the material data used in the model are taken also from (Binda, 
Fontana, & Frigerio, 1988). In this test, mechanical compressive properties are 
evaluated for masonry prism built from three different mortar types. The prisms 
dimensions were 500x250x600 mm. The bricks were 250x120x55 mm. Mortar thickness 
is 12 mm. We will take here mortar 3, prism MU3. The mechanical properties of the brick 
and mortar are listed in Table ‎5.4. 
 Brick Mortar 3 Prism MU3 
Compressive strength [N/mm2] 26,9 95,0 17,8 
Tensile strength [N/mm2] 3,7 12,0 - 
Elastic modulus [N/mm2] 4865 17785 4567 
Poisson ratio [ - ] 0,094 0,115 0,0145 
Table ‎5.4 : The mechanical properties of the brick, mortar3 and prism MU3 
The brick is modeled with the extended Drucker-Prager cap model of Abaqus 6.12-1, 
with compression hardening. Mortar is linear elastic. However, mortar is allowed to crack 
growth using the eXtended Finite Element Method. The material parameters used to 
build these models are listed in Table ‎5.5. 
 Brick Mortar 3 
Cohesion [N/mm2] 11,286 39,857 
Friction angle [degrees] 10 10 
Dilatancy [degrees] 5 5 
Tensile fracture energy [ N/mm ] 0,19 0,60 
Compressive fracture energy [ N/mm ] 12,5 23,0 
Flow stress ratio*  1 
Hardening yield stress*  7,5 
Table ‎5.5 : Material parameters of brick and mortar3 used for EDP-Cap and XFEM.  
(*) assumed values 
The model is supported at the bottom; the compression is applied in steps as 
displacement on the top of the model. The model is shown in Figure ‎5.19. 
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Now, both the cracking property of mortar and the plasticity property of brick are turned 
on, to see the stress distribution and crack growth with increased load. 
In the first steps, transversal tensile stress peaks appear in the mortar at small distance 
from its outside face, leading to first cracking of mortar. The brick is subject to 
transversal compression; ranging from zero on the edge to its maximal value in the 
middle of the brick. However, no yielding appears yet. See Figure ‎5.24 and Figure ‎5.25.  
After first cracking of outside mortar, tensile stress peaks moves in the inside direction. 
When these stresses are high enough, second cracking appear in the mortar leading to 
the failure of the masonry. See Figure ‎5.26 and Figure ‎5.27. 
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5.5 Different Wall Thicknesses 
In previous examples, it is noticed that transversal tensile stress peaks near the edge of 
the brick (in case         ) or mortar (in case         ) is the main reason for 
failure. In laboratory testes, it was noticed that failure of thick masonry wall occurs at a 
less compression strength than that of thin wall, although both walls are built from same 
components, unit and mortar, and have the same mortar thickness.  
In the following calculation, two walls with different thickness 175 mm and 480 mm under 
compression have been modeled. In both models, linear elastic material model is 
assumed for brick with elasticity modulus                and poison ratio         . For the mortar, a Drucker-Prager material model is used with elasticity modulus              , poison ratio         , cohesion            , dilatancy angle     , and angle of internal friction  =20° or  =40°. For comparison, the model is 
calculated with elastic material behavior of mortar. The bricks are 200x200x100 mm. 
The mortar is 20 mm thick. The compression is applied as displacement on the top of 
the model. See Figure ‎5.29. 
 
 
Figure ‎5.29: FEM Model, mesh, constraints and geometry of thin and thick walls 
This loading leads to three axial compression state in the mortar, and compression in 
load direction and tension in transversal direction in the brick. See Figure ‎5.30 and 
Figure ‎5.31 for thin wall, Figure ‎5.32 and Figure ‎5.33 for thick wall. 
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Figure ‎5.30: Stress state in brick in load direction and in transversal direction. Both brick 
and mortar are elastic. Thin wall. 
 
 
Figure ‎5.31: Stress state in mortar in load direction and in transversal direction. Both 
brick and mortar are elastic. Thin wall. 
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Figure ‎5.32: Stress state in brick in load direction and in transversal direction. Both brick 
and mortar are elastic. Thick wall. 
 
 
Figure ‎5.33: Stress state in mortar in load direction and in transversal direction. Both 
brick and mortar are elastic. Thick wall. 
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Figure ‎5.34 and Figure ‎5.35 show the transversal / vertical stresses in the brick edge 
near to contact surface with 20 mm thick mortar, in elastic case and in Drucker-Prager 
model case with angle of internal friction  =20° and  =40°. The diagram shows peak 
transversal (tensile) stresses near the edge of the brick.  
 
Figure ‎5.34: Transversal / vertical stresses in the brick edge near to contact surface with 
20 mm thick mortar, in elastic case and in Drucker-Prager model case with angle of 
internal friction  =20° and  =40°. Thin wall. 
 
Figure ‎5.35: Transversal / vertical stresses in the brick edge near to contact surface with 
20 mm thick mortar, in elastic case and in Drucker-Prager model case with angle of 
internal friction  =20° and  =40°. Thick wall. 
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Figure ‎5.36 and Figure ‎5.37 show the transversal / vertical stresses in the brick middle 
near to contact surface with 20 mm thick mortar, in elastic case and in Drucker-Prager 
model case with angle of internal friction  =20° and  =40°. The diagram shows peak 
transversal (tensile) stresses near the edge of the brick.  
 
Figure ‎5.36: Transversal / vertical stresses in the brick middle near to contact surface 
with 20 mm thick mortar, in elastic case and in Drucker-Prager model case with angle of 
internal friction  =20° and  =40°. Thin wall. 
 
Figure ‎5.37: Transversal / vertical stresses in the brick middle near to contact surface 
with 20 mm thick mortar, in elastic case and in Drucker-Prager model case with angle of 
internal friction  =20° and  =40°. Thick wall. 
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This tensile peak induces vertical cracks in the unit, leading later to failure of the 
structure. The “non-used” region in thick wall is greater than that in thin wall, this means 
there is a big region in thick wall which is not fully used when the failure in masonry 
occurs, and leads consequently to reduction of compression strength of thick masonry 
wall. See Figure ‎5.38. 
 
 
Figure ‎5.38: “Non-used” region in thin wall vs. in thick wall. 
5.6 Conclusion 
The results of this chapter will be used for the next chapter. While many tests and 
numerical calculations have done covering the case when deformation properties of 
mortar are greater than those of unit, eXtended Finite Element Method calculations with 
stress distribution in unit and mortar will be used to develop formulas covering the 
opposite case when the deformation properties of unit are greater than those of the 
mortar.  
The results of this chapter also give an explanation why the compression strength of 
thick walls is smaller than that of the thin walls made from the same materials. 
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6 Analytical Formulae 
In this chapter, the engineering model for the case when deformation properties of 
mortar are greater than those of the unit will be presented. This model has been 
developed by a series of research projects starting from (Hilsdorf, 1965), through 
(Berndt, 1996), until the final formula of (Huster, 2000). 
In a similar way, depending on finite element calculations and test observation, an 
analytical formula was developed to cover the case when deformation properties of unit 
are greater than those of the mortar. Comparing test results with the calculated results 
shows the feasibility of the extracted analytical formula. 
6.1 Compression Strength in Case   �    �� 
(Hilsdorf, 1969) and (Hilsdorf, 1965) showed that different lateral strains of brick and 
mortar lead to three-axial compression in mortar, and compression tension tension in 
brick. This tensile stresses in the brick is the main factor in the cracking and failure of the 
masonry structure. 
 
Figure ‎6.1: Stress state in the masonry components: brick and mortar (Hilsdorf, 1965) 
The general relation between stresses and strains in matrix form is given by:  
   
                    
         
                                                                                                                                             
      
                    
  
 (‎6.1) 
By taking second and third equation we have:                       (‎6.2) 
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                    (‎6.3) 
By applying it on brick and mortar materials respectively:                              ( 6.4)                              ( 6.5)                              ( 6.6)                              ( 6.7) 
From the Figure ‎6.2 below and with considering the different signs of      and      it 
can be written:                        
or                    (‎6.8) 
In a similar way for       and      it can be written:                   (‎6.9)                                     (‎6.10) 
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Figure ‎6.2: Stress distribution in brick and mortar due to compression in masonry 
The compatibility condition implies that transversal strains in brick and mortar are the 
same:            (‎6.11) 
and the same for z direction:            (‎6.12) 
From (‎6.11), (‎6.4) and (‎6.5):                                                                                                                                         (‎6.13) 
Substituting equation (‎6.10) in equation (‎6.13) gives:                                                             (‎6.14) 
By assuming                       (‎6.15) 
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(‎6.14) returns to:                                                                                                                                                                                                                                 (‎6.16) 
The same for     :                                    (‎6.17) 
(‎6.16) and (‎6.17) together                                         (‎6.18) 
By using (‎6.15), we have the (‎6.17) again as:  
       �     �     � ��   ���  � �   � �     ���     � ��     � ��    (‎6.19) 
Where:     Poisson’s ratio of the brick     Poisson’s ratio of the mortar     vertical stress in the brick (compression)       lateral y stress in the brick (tension)       lateral z stress in the brick (tension)      1st lateral stress in the brick (tension) due to different elasticity      E-modulus of the brick,      E-modulus of the Mortar     height of the bed joint     height of the brick 
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Note this equation gives the stresses in the brick, in the case        . When         we get the same equations. However with compression stresses instead of tensile 
stresses in the brick, and tensile stresses in the mortar.  
The author assumed a regular distribution of transversal tensile stress over the brick 
height. However, finite element calculations in (Berndt, 1996) showed that the maximal 
tensile transversal stresses in the brick appear near the contact surface with the mortar 
and especially at the corner of the brick. This explains the vertical brick cracks which 
begin at the contact surface to mortar. See Figure ‎6.3 below. 
 
Figure ‎6.3: Tensile stresses lead to vertical cracks in the brick near the surface to 
mortar, photo on the right from (Huster, 2000) 
When         or               , equation (‎6.19) can written as (Berndt, 1996): 
                                                                                                                                                                                             (‎6.20) 
Crumbling away of the bed joint edges leads to additional transverse stresses at the 
middle of the brick height. The so-called splitting tensile forces are induced by 
redirecting the vertical forces in the brick and lead to cracking in the middle of the brick 
(Berndt, 1996). See Figure ‎6.4 below. 
Extracting this force/stress depends on many assumptions; it is assumed that it appears 
in the middle of the brick height. Where the height of the brick is less than the wall width 
2 x d (or 2 x w). From Figure ‎6.4 c, the tangent inclination of the force is:  
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                          (‎6.21)     sum of crumbled depths on both sides of the mortar 
From Figure ‎6.4 b, we have:                        (‎6.22) 
From (‎6.21) and (‎6.22), we get the splitting force Z:          (‎6.23) 
By assuming the stress distribution as shown in Figure ‎6.4 d, we have:               (‎6.24)            (‎6.25)       splitting tensile stress in the brick 
From (‎6.23) and (‎6.24) then using (‎6.25), we get:                                             (‎6.26)      2nd lateral stress in the brick (tension), resulting from splitting tensile stress. 
Later, when combining this tensile stresses with tensile stresses resulting from different 
elasticity moduli of brick and mortar, only 60 % of it is used. This is because tensile 
stress resulting from different elastic moduli appears near the contact surface to mortar, 
while this tensile stresses appear in the middle of the brick. And, with considering 
different signs of    (compression) and       (tension), equation (‎6.26) turns into:                                                    (‎6.27) 
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Figure ‎6.4: Splitting stresses in the brick 
   
Figure ‎6.5: Cracked brick due to splitting stresses, photo on the right from (Huster, 2000) 
The value of    , sum of crumbled depths on both sides of the brick, is calculated by 
(Berndt, 1996) depending on test results and the fact that mortar is subject to three axial 
compression state as:                         (‎6.28) 
where the angle of internal friction   is calculated as        for MGr I 
         for MGr II         for MGr III 
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The sum of tensile stresses in the brick is then given from (‎6.20) and (‎6.27) by:                                                  (‎6.29) 
(Hilsdorf, 1969) assumed a failure curve of brick under compression-tension as:                      (‎6.30) 
However, Berndt in (Berndt, 1996) and depending on test results proposed the curve:                     (‎6.31) 
Where: 
Brcf ,  The uni-axial compressive strength of brick 
Brtf ,  The tensile strength of the brick  
From (‎6.31) and (‎6.29) it is possible to estimate the masonry compression strength as:                                                        (‎6.32) 
d  brick width, from free edge to free edge. 
Other refinements are done by Berndt by:  Putting the Poisson’s ratio of the plasticized mortar     instead of     while 
mortar under 3 axial compression state will plastify.  1st lateral stress in the brick (tension)     appears due to different elasticity 
moduli of brick and mortar next to the contact surface, the first 10 cm from 
contact surface, so     was substituted by       2nd lateral stress in the brick (tension)     appears due to splitting force in the 
middle of the brick height, or over 2x10 cm brick height, so     was substituted 
by       
Equation (‎6.32) returns in its final form to:                                                         (‎6.33) 
When considering further refinement done by Huster in (Huster, 2000), equation (‎6.33) 
turns into:  
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                                                                 (‎6.34) 
Where:       compression strength of masonry       axial compression strength of brick       tensile strength of brick (splitting tensile strength)     height of the bed joint      height of the brick or 10 cm (smallest value)       height of the brick or 20 cm (smallest value)     brick width, from free edge to free edge or 40 cm (smallest value)    sum of crumbled depths on both sides of the brick, depending on test results it 
could be calculated by:                          (‎6.28)  
 where the angle of internal friction   is calculated as        for MGr I 
               for MGr II 
               for MGr III     Poisson’s ratio of the plasticized mortar       for MGr I 
            for MGr II 
            for MGr III 
K1 reduction factor for the maximal splitting tensile force in the mid of the brick, 
usually =0,3  
The cracking stress of the brick starts with 75 to 85% of the failure load for sandstone 
masonry with εGr I and εGr II. For thin bed joint (h=3 …5 mm) the cracking stress is 90 
to 95 % of the failure load. In this case the failure of the masonry with thin bed joints 
occurs without warning cracks in the brick. On the other hand, with low strength mortar, 
apparent cracks could be seen on the brick when its tensile strength is reached, later on 
the failure of the masonry takes place after a clear damage of the structure. 
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6.2 Compression Strength in Case  ��     � 
Here the compression strength of masonry will be excluded, depending on the material 
properties and geometry of its components in case the elasticity modulus of mortar is 
greater than those of the brick. 
In a similar procedure and assumptions done by (Hilsdorf, 1969) and (Hilsdorf, 1965), 
different lateral strains of brick and mortar where         lead to compression tension 
tension in mortar, and three-axial compression in brick near the contact surface with 
mortar. 
Lateral compression stress in the brick near to mortar is similar to that extracted when         , see (6.19), however with different sign here i.e. compression:  
                                                           (‎6.35) 
Where      Poisson’s ratio of the brick     Poisson’s ratio of the mortar     vertical stress in the brick (compression)       lateral y stress in the brick (compression)       lateral z stress in the brick (compression)      E-modulus of the brick,      E-modulus of the Mortar     height of the bed joint     height of the brick 
The lateral tensile stresses in the mortar is calculated in a similar way, it is given by: 
                                                                (‎6.36) 
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Figure ‎6.6: Stress state in the masonry components: brick and mortar         
It is assumed a regular distribution of transversal tensile stress over the mortar height. 
Depending on finite element calculations done by (Berndt, 1996) it could be concluded 
that lateral compression stresses in the brick will appear near the contact surface with 
the mortar. 
The tensile stresses in mortar are relevant in defining the compression strength of 
masonry. When         or               , equation (‎6.36) can written as: 
                                                                                                                                                                                         (‎6.37)      3rd lateral stress in the mortar (tension), resulting from different elasticity. 
Tensile stress in the mortar leads to the failure of the mortar, however the relatively 
small thickness of mortar and friction with brick prevent the mortar from crumbling away. 
Only bed joint edges will fall down leading to transverse stresses at the middle of the 
brick height. These so-called splitting tensile forces are induced by redirecting the 
vertical forces in the brick and lead to cracking in the middle of the brick. See Figure ‎6.7 
below. 
There is no investigation how deep is the failed mortar, here we will assume it is equal to 
the mortar height      
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Figure ‎6.7: Splitting stresses and bar model in the brick when         
Where the height of the brick is less than the wall width 2 x d (or 2 x w). From Figure ‎6.8 
c, the tangent inclination of the force is:                            (‎6.38) 
From Figure ‎6.8 b, we have:                        (‎6.39) 
From (‎6.38) and (‎6.39), we get the splitting force Z:               (‎6.40) 
By assuming the stress distribution as shown in Figure ‎6.8 d, we have:               (‎6.41)            (‎6.42)       splitting tensile stress in the brick 
From (‎6.40) and (‎6.41) then using (‎6.42), we get with considering different signs of    
(compression) and       (tension):  
 
compression 
compression 
tension 
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                                           (‎6.43)      4th lateral stress in the brick (tension), resulting from splitting tensile stress. 
 
Figure ‎6.8: Splitting stresses in the brick when         
The lateral compression stress in equation (‎6.35) in brick will have confining effect near 
mortar, and will not lead to failure of masonry. Either tensile stress in mortar (‎6.37) or in 
brick (‎6.43) will be the reason of masonry failure. 
We will use the failure curve of (Hilsdorf, 1969) for brick under compression-tension, 
which is more conservative than that proposed by Berndt in (Berndt, 1996), because 
Berndt got his curve from tests done on masonry with        . For the case where         we still don’t have test data. The failure curve of (Hilsdorf, 1969) is:                   (‎6.44) 
From (‎6.43) and (‎6.44) where       , we have:                                      (‎6.45) 
In another form, compression strength of masonry due to splitting stresses in brick:  
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                                         (‎6.46) 
We will assume a similar failure curve of mortar under compression-tension.                      (‎6.47) 
From (‎6.37) and (‎6.47) where       , we have:                                             (‎6.48) 
Similar to the case of        , these refinement could be done on (‎6.46) and (‎6.48), 
respectively:  3rd lateral stress in the mortar (tension)     appears due to different elasticity 
moduli of brick and mortar next to the contact surface, the first 7 cm from contact 
surface, so     was substituted by       4th lateral stress in the brick (tension)     appears due to splitting force in the 
middle of the brick height, or over 2x7 cm brick height, so     was substituted by        4th lateral stress in the brick (tension)     appears in the middle of brick height, 
unlike to the case         here it is not accompanied by cracking of brick near 
the contact surface to mortar. Additionally, the mortar failure is prevented by 
friction with brick. So the failure strength is multiplied by factor K2, usually =1,5 
Equations (‎6.46) and (‎6.48) return respectively to:                                                (‎6.49)                                               (‎6.50) 
The compression strength of masonry is then given by:  
            
                                                                          
 
 (‎6.51) 
Where: 
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       compression strength of masonry       axial compression strength of brick       tensile strength of brick (splitting tensile strength)       axial compression strength of mortar       tensile strength of mortar (splitting tensile strength)     height of the bed joint      height of the brick or 7 cm (smallest value)       height of the brick or 2x7 cm (smallest value)     Poisson’s ratio of the brick  
K2 increase factor for the maximal splitting tensile force in the mid of the brick, 
usually =1,5  
Final Note: 
When deformation properties of the unit are greater than those of the mortar, the 
masonry failure may occur either due to mortar failure, which is the general case as 
seen in Figure ‎6.9, taken from a series of tests performed by W. Jäger & T. Pflücke 2004 
at the Chair of Structural Design of the Faculty of Architecture at the Technical University 
of Dresden, or due to unit failure (failure of edge mortar and the resulting tensile stresses 
in the middle of the unit). If the mortar fails first, the edge failure of the bed joints, and 
consequently the unit failure, doesn’t appear any more.  
 
Figure ‎6.9: General failure case of masonry when deformation properties of unit greater 
than those of the mortar 
If the tensile strength of the mortar is much higher than that of the unit, as in the example 
MU3 of (Binda, 1988) in chapter ‎6.3.2 (the mortar deformation is smaller), then the edge 
mortar may fall down, and the unit failure may occur.  
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In this case the depth of the failed edge mortar is composed of two parts; first part is due 
to lack of adhesion between mortar and unit over a depth of       (    height of the 
bed joint). The second part is                      , if the angle of internal friction   
ranges between 10 to 50° this part will range from               to               or 
from             to           . On the safe side the value of        is used in the second 
part. Both parts give a value of        +        =    , which is seen on Figure ‎6.7.  
In contrast with the case when deformation properties of mortar are greater than those of 
the unit (in mortar is three axial compression state), further investigations and tests are 
required to define the depth of the failing mortar for the case when a compression-
tension-tension state occurs in the mortar (deformation properties of unit are greater). 
6.3 Numerical Examples 
In (Binda, Fontana, & Frigerio, 1988) experiments were performed on three masonry 
prisms with three different types of mortars. The prism dimensions were 500x250x600 
mm and the bricks are length x width x height = 250 x 120 x 55 mm, mortar thickness 
was 12 mm. The mechanical properties of the units and mortars are listed in Table ‎6.1. 
Specimen type Compressive 
strength 
[N/mm2] 
Tensile 
strength 
[N/mm2] 
Elastic 
Modulus 
[N/mm2] 
Poisson  
ratio 
[-] 
Brick 26,9 3,7 4865 0,094 
Mortar 1 MGr II 3,2 0,7 1178 0,057 
Mortar 3 MGr III 95,0 12,0 17758 0,115 
Prism MU1 11,0 - 1651 0,065 
Prism MU3 17,8 - 4567 0,0145 
Table ‎6.1: Mechanical properties of masonry components and prisms 
6.3.1 Case          
This applies on mortar 1 and prism MU1. We use equation (‎6.34)                                                                      sum of crumbled depths on both sides of the brick, could be calculated by 
equation (‎6.28):  
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By putting it in equation (‎6.34) we get: 
 
                                                                     
This is 26% less than test results on the safe side. Eurocode 6 (DIN EN 1996-1-1, 
Eurocode 6:1-1, 2013) gives a characteristic value of 5,19      , this gives a 
difference of more than 52%. 
This example from (Binda, Fontana, & Frigerio, 1988) and further examples from 
(Warnecke, 1995) are listed in the Table ‎6.2 below: 
 
Table ‎6.2: Properties of masonry components, test results and calculated values 
Comparing the calculated values and the defined design values of Eurocode 6 with the 
test results are in the Table ‎6.3: 
   
Table ‎6.3: calculated values and Eurocode 6 values are compared with test results 
6.3.2 Case          
This applies on mortar 3 and prism MU3. We use equation (‎6.51)  
            
                                                                         
 
 
 
By applying the mechanical data from Table ‎6.1 and geometrical data of mortar and 
brick we get: 
Test       [Reference] Mortar Group Formula Test Difference
[cm] [cm] [cm] [cm] [cm] [N/mm2] [N/mm2] [N/mm2] [N/mm2] %
MU1 [Binda] 1.20 II 30 1.89 5.5 0.4 0.3 5.5 12 26.9 3.7 8.70 11 -26
Sample 1 [Warnecke] 2.00 I 20 3.40 10 0.5 0.3 15 15 99.6 3 10.38 11.4 -10
Sample 2 [Warnecke] 2.00 III 40 2.93 10 0.3 0.3 15 15 99.6 3 18.13 23.8 -31
Sample 3 [Warnecke] 3.75 I 20 6.38 10 0.5 0.3 15 17.5 22 1.6 3.26 4.7 -44
Mortar Group                   1             ,      ,   
Test       [Reference]
MU1 [Binda]
Sample 1 [Warnecke]
Sample 2 [Warnecke]
Sample 3 [Warnecke]
Formula Test Difference
[N/mm2] [N/mm2] %
8.70 11 -26
10.38 11.4 -10
18.13 23.8 -31
3.26 4.7 -44
EC6 Test Difference
[N/mm2] [N/mm2] %
5.19 11.00 -53
7.7 11.4 -32
14.3 23.8 -40
3.9 4.7 -16
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This is about 12% less than test results on the safe side. 
Further tests from (Kirtschig, 1985) and (Binda, 1988) can be used to verify the 
proposed formula. Input data, test results and calculated values are listed in Table ‎6.4 
 
Table ‎6.4: Properties of masonry components, test results and calculated values 
The table shows good agreement between test and calculated results. Differences range 
from 10 to 26%. The differences between the two values increase with weaker 
compression strength of mortar, as the Test G2/LM5 shows with a difference of 48%, in 
this test small values make the calculated compression strength very sensitive; using a 
value of 0,12 for Poisson’s ratio and 50 mm for the assumed height of the brick inducing 
the transversal tensile in the mortar reduces the difference to 12%. Further precise tests, 
especially defining the Poisson’s ratio, are still required to cover this case.  
Comparing the calculated values with these formulae shows much better results than 
that defined using the Eurocode 6, see table 6.5 
 
Table ‎6.5: Calculated values and Eurocode 6 values compared with test results 
Calculated values with the formula show differences until 26%, defined values by 
Eurocode 6 shows differences until 73% from test values. 
6.4 Conclusion and Remarks 
This chapter starts with presenting the available formula to estimate compression 
strength of masonry when deformation properties of mortar are greater than those of 
units; mainly for lateral deformation (i.e. Elasticity modulus and Poisson ratio). Later on, 
it proposes a new formula, verified by numerical calculations and test observations, to 
describe the compression strength of masonry, based on the mechanical and 
geometrical properties of its components, when deformation properties of units are 
Test       [Reference] Brick failure Mortar failure Masonry failureTest Difference
[N/mm2] [N/mm2] [mm] [mm] [N/mm2] [N/mm2] [N/mm2] [mm] [N/mm2] [N/mm2] [N/mm2] %
G2/LM2 [Kirtschig] 3.40 0.34 140 10 2.98 10.80 1.62 0.150 70 1.75 1.75 2.24 -22
G2/LM3 [Kirtschig] 3.40 0.34 140 10 2.98 10.70 1.61 0.150 70 1.74 1.74 2.36 -26
G2/LM4 [Kirtschig] 3.40 0.34 140 10 2.98 15.25 2.29 0.150 70 2.48 2.48 2.26 10
G2/LM5 [Kirtschig] 3.40 0.34 140 10 2.98 7.90 1.19 0.150 70 1.28 1.28 2.48 -48
MU3 [Binda] 26.90 3.70 55 12 15.60 95.00 12.00 0.095 55 29.63 15.60 17.80 -12
  ,      ,               ,     ,            
Test       [Reference]
G2/LM2 [Kirtschig]
G2/LM3 [Kirtschig]
G2/LM4 [Kirtschig]
G2/LM5 [Kirtschig]
MU3 [Binda]
Formula Test Difference
[N/mm2] [N/mm2] %
1.75 2.24 -22
1.74 2.36 -26
2.48 2.26 10
1.28 2.48  -48 (-14)
15.60 17.80 -12
EC6 Test Difference
[N/mm2] [N/mm2] %
1.38 2.24 -38
1.38 2.36 -42
1.38 2.26 -39
1.29 2.48 -48
4.74 17.80 -73
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greater than those of mortar. Good agreement could be achieved between calculated 
values according to these formulae and test values. 
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7 The Effect of Creep on Compression Strength 
7.1 Introduction 
As seen in chapter ‎6 compression strength of masonry depends on the lateral 
deformation of its components. In this context time dependent deformation, like creep 
and shrinkage, could affect the time-dependent compression behavior of masonry. This 
effect could be negative, positive or neutral: positive, for example through the 
redistribution and relief of stress peaks, which are the reason for failure, near the edge of 
the masonry wall. Negative influence of creep could appear due to increased 
deformation, that the whole structure can’t longer meet the serviceability criteria (Binda, 
2008) p. 98. In this chapter, the creep effect will be studied from definition, transversal 
creep phenomena, controlling equations, numerical examples and which materials have 
advantages in the long term. 
It is not to mix between the creep behavior of the mortar which could have a positive 
influence on the whole masonry structure, and the creep of the whole masonry structure 
which was a reason for the failure of many historic structures (Anzani, 2009), (Binda, 
2007), (Binda, 2008).  
Different mortar types have different creep behavior on the masonry structure. Some 
kinds of mortars, like lime mortars, are more preferred due to better accommodation 
movements than cement mortars, and with the age the compressive strength of the 
masonry may increase up to 50% (Kioy, 2014). In Figure ‎7.1 the compressive strength of 
masonry wall from lime mortar increased between 25 and 180 days by about 50%. In 
(Kioy, 2014) the creep behavior of the whole wall, not the mortar, is also presented 
showing higher creep values of lime mortar than that of cement, see Figure ‎7.2. 
 
Figure ‎7.1: Development of compressive strength of mortars and masonry with age. 
(Kioy, 2014) 
Cement
Cement with Lime
Cement with Plasticiser
Cement
Cement with Lime
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Figure ‎7.2: Creep values of masonry walls from different types of mortars. (Kioy, 2014). 
7.2 Definition 
Creep is the time and temperature dependent deformation under constant load. It is 
different from shrinkage which happens without load. Both creep and shrinkage depend 
on surrounding humidity, dimensions of the part and its compositions. The reason for the 
creep is the position change of water molecules due to loading, additionally comes the 
condensation and sliding between the material particles. A reference number for the 
creep is the creep coefficient, which could be defined in unidirectional creep as the ratio 
of total deformation due to creep to the elastic deformation.                      (‎7.1) 
Where:         is the final creep coefficient,         end deformation of material 
including creep and     is the elastic deformation due to load (Hook’s Law       ) . 
The creep deformation is composed of two parts: the reversible deformation part, which 
decreases with the time until it disappears after removing the load, this part is 
independent on the material age reaches its final value shortly after load application. The 
dominant irreversible deformation part, stays completely after load removal. It is called 
also yielding creep, it depends strongly on the material age and reach its final value after 
a long time. 
According to (DIN EN 1992-1-1, 2011), the creep of the concrete is linear as long as the 
applied load at time     is less than 45% of the compression strength. The nonlinear 
creep of concrete appears when the applied load at time    exceeds the 45% of the 
compression strength of the concrete. In this case the creep coefficient is calculated by:                    �                (‎7.2) 
CementCement with LimeCement with Plasticiser
 7.3 Transversal Creep, Uni- and Multi-Dimensional Loading  155 
          is the non-linear notional creep coefficient, which replaces        ,    is the 
stress-strength ratio           ,    is the compressive stress and         is the mean 
compressive strength at the time of loading. 
7.3 Transversal Creep, Uni- and Multi-Dimensional Loading 
It is to determine whether an axial loading of mortar may lead to time-dependent 
deformation in transversal direction. Transversal creep is the creep in transversal 
direction against the longitudinal, in load direction, deformation.  
The transversal creep leads to decrease of the poison’s ratio, while                               . Where     ,        are strains in longitudinal direction, load direction, at load start 
and at time t.     ,        are strains in transversal direction at load start and at time t. 
(Glanville, 1939).  
According to (Berndt, 1980), the creep in two dimensional compression loading subject 
to the same laws as creep in one dimensional compression loading. And the known 
equations in one dimensional creep could be extended to cover the creep of multi-
dimensional loading. 
7.4 Controlling Equations 
7.4.1 Basic Equations 
Many theories have dealt with defining the creep behavior of materials. Among them is 
the “aging theory” (Glanville, 1930) (Berndt, 1980), which considers only the irreversible 
part of creep and neglects the part which disappears when removing the load 
(reversible).  The theory of “elastic aftereffect” (Boltzmann, 1878) considers only the 
reversible part of creep. The theory of “elastically crept body” (Krüger, 1973) considers 
both the reversible part of creep and the aging process of the concrete. 
The “visco-elasticity theory” (Berndt, 1980) is so similar to the theory of “elastically crept 
body” in both assumptions and equations, that almost no differences exist between the 
two theories. In the classical rheology, constant values for material parameters (i.e. K 
and G in equation (‎7.11)) are used to describe the rheological processes, so that the 
creep capability keeps constant without decrease with the time. 
The transversal creep could be handled by considering the “time-dependent poison’s 
ratio”.  
The volume change (dilatation)    and shape change (middle strain)   are given in terms 
of principal strains     by:                         (‎7.3) 
The middle normal stress   is given in terms of principal stresses     by:                        (‎7.4) 
Given that strain tensor     and stress tensor are as follow: 
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                                                                                           (‎7.5) 
Then the volume change    is the sum of diagonal elements of the strain tensor, and the 
middle normal stress   is the third of the sum of diagonal elements of the stress tensor. 
By subtracting the shape change   from the principal strain     , we get the shape 
change tensor:                                              (‎7.6)       is Kronecker delta = 1 for i = j = 1, 2, 3 and = 0 for i ≠ j 
                                                  (‎7.7) 
In similar way for stress                (‎7.8)       is Kronecker delta = 1 for i = j = 1, 2, 3 and = 0 for i ≠ j 
From (‎7.6) and (‎7.8) we get the well-known elastic relation between stress and strain 
deviators  
            (‎7.9) 
and         (‎7.10) 
Where:                                               (‎7.11) 
K, and G are constant time-independent material parameters.    and   are elasticity 
modulus and poison’s ratio.  
7.4.2 Creep Equations 
The time-dependent process of volume change (dilatation)    and shape change (middle 
strain)   are given by: 
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                                                                                                                                                (‎7.12) 
In a similar way for the shape change tensor                                                                                       (‎7.13) 
Where          and          are the creep coefficients for volume change and shape 
change, respectively. In one dimensional creep the time-dependent strain is given by:                                                (‎7.14) 
In (‎7.12), (‎7.13) and (‎7.14) we have the parameters:                       ,                          and                          (‎7.15) 
The creep coefficients for volume change    taken from equation (‎7.12) could be 
rewritten as:                                                                    (‎7.16) 
The creep coefficients for shape change    also could be determined based on equation 
(‎7.13) as:                                              or                     (‎7.17) 
The creep coefficients for volume change   , the creep coefficients for shape change    are defined experimentally by defining the time-dependent Poisson’s ratio          
and then using the formulas, see (Berndt 1980) pp. 56 :                                        and                                      (‎7.18) 
The determination of Poisson’s ratio         , and consequently creep coefficients, from 
tests depends on the shape of the test sample and the load combination. In case of 
cylindrical sample Figure ‎7.3 a) with axial    and radial    loading, we have the elastic 
equation:                                              (‎7.19) 
In case of constant stresses, the time-dependent poison’s ratio is calculated by:                                                                           (‎7.20) 
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                                (‎7.25) 
From (‎7.24) we get for example:                                 (‎7.26) 
The time-dependent strain is a sum of the elastic and time-dependent creep strains                                 (‎7.27) 
The time-dependent creep under three axial loading, and depending on the visco-elastic 
theory, is given by (Berndt, 1980) p. 75:                                                                                                        (‎7.28) 
Where       ,        and        are the applied principal stresses at time   ,     and     are 
the final creep coefficients for volume and shape change respectively. Material 
parameters K and G are given by (‎7.11).    is retardation time.     and     are 
constants of the visco-elastic model for multi-axial loading with         and        . 
The total time-dependent strain is given by:                                                                                                                                                 (‎7.29) 
The general formula for strains in all principal directions is given by:                                                                               (‎7.30) 
With j = 1, 2, 3 
The limit values are given by:                                              (‎7.31) 
or in the form:                                                                                   (‎7.32) 
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These general equations for creep under multi-axial loading could be modified to cover 
special cases. In the case of uni-axial loading for example, the longitudinal and 
transversal strains are extracted from equation (‎7.29) as:                                                                         (‎7.33)                                                                         (‎7.34) 
7.4.4 Uni-Axial Creep under Constant Loading 
In a similar way as in chapter ‎7.4.3 the time-dependent creep under uni-axial loading, 
and depending on the visco-elastic theory, is given by:                                        (‎7.35) 
and the total time-dependent strain is given by:                                   (‎7.36) 
7.4.5 Transversal Creep under Uni-Axial Loading 
In case of uni-axial loading, in addition to the elastic strain in transversal direction 
depending on poison’s ratio          , tests show a time-dependent transversal 
deformation as well. This deformation/strain is called transversal creep. From equation 
(‎7.34) we have the creep strain:                                                                      (‎7.37) 
By assuming            and with other simplification we get the creep strain (Berndt, 
1980) p. 80 by:                                                         (‎7.38) 
And the total strain is:                                                            (‎7.39) 
At time    we have the values   =0,           and equation (‎7.39) turns into:                    (‎7.40) 
And at time     equation (‎7.39) turns into:                            (‎7.41) 
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With the time and under the applied load, the absolute value of the longitudinal strain           will increase and the absolute value of the transversal strain           will 
decrease. However, the increase of the strain          , i.e.        , will be greater than 
the decrease of the strain          , i.e.        (Berndt, 1980) p. 81, so from equations 
(‎7.38) and (‎7.35) we can write:  
                                                       (‎7.42) 
and for                           (‎7.43) 
or                     (‎7.44) 
This last inequality is always fulfilled when:        (‎7.45) 
The experimental study in (Pan, 2012) achieved on cement binder and mortar showed 
that the elasticity modulus increase and the Poisson’s ratio decrease with the time. 
However, this was not accompanied with loading during the test, which can lead to more 
decrease in the Poisson’s ratio values. 
There are no experimental tests which show the time dependent behavior of different 
types of mortar under compression. Fast or slow decrease of the Poisson’s ratio with the 
time would lead to different transversal stress distribution in the masonry components, 
and consequently to different value of compression strength than that defined at the 
beginning of the load (Jaeger, 2014). 
7.4.6 Longitudinal and Transversal Creep in Mortar 
In masonry structure in case of deformation of mortar is greater than that of the unit 
(        ), three axial compression state dominates inside the mortar and almost one 
axial compression state dominates on the mortar edge, where the transversal stresses 
are neglected due to free edge of the mortar. 
Inside the mortar (far from free edge), the total time-dependent longitudinal strain is 
given by equation (‎7.29) as:                                                                                                                                                 (‎7.46) 
The transversal strain could be extracted by changing the index as: 
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                                                                                                                                                 (‎7.47) 
Similarly for          :                                                                                                                                                 (‎7.48) 
Here        is the longitudinal compression stress in mortar which is almost equal to 
compression stresses applied on the masonry structure.        and        are the transversal 
compression stresses resulted inside the mortar as explained in chapter 7.4.3, in the 
example chapter 7.4.2 these stresses are almost half of the longitudinal stresses. 
 
The limit values are given by:                                              (‎7.49) 
or in the form for longitudinal strains:                                                                                   (‎7.50) 
And for transversal strains:                                                                                   (‎7.51) 
                                                                                   (‎7.52) 
 
Almost one axial compression state dominates on the mortar free edge, in this case the 
longitudinal and transversal strains are given similarly to (‎7.33) and (‎7.34) by:                                                                         (‎7.53)                                                                         (‎7.54) 
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                                                                          (‎7.55) 
 
The limit values are given for longitudinal strains by:                                         (‎7.56) 
And for transversal strains:                                         (‎7.57) 
                                          (‎7.58) 
 
In case of deformation properties of unit is greater than those of the mortar (        ), 
the same equations could be used, but the transversal stresses        and        are tensile 
instead of compression and have different sign from the longitudinal compression stress       . 
7.5 Example 
7.5.1 Analytical Equation          
We take the example from chapter ‎6.3.1. First we calculate with the start Poisson’s ratio 
of     0.4, we get a compression strength of 8,7        . By using lower values of the Poisson’s ratio we get increased compression streght of the masonry structure 
Figure ‎7.4. For example decrease of 25% of Poisson’s ratio to          0.3 
increases the compression strength to by around 20% to 10,4      . 
First case with � ��  0.4, we use equation (6.34):                                                                     sum of crumbled depths on both sides of the brick, could be calculated by 
equation (‎6.28):                                                                              
By putting it in equation (‎6.34) we get: 
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For the case with � ��  0,3, and using equation 6.34 we get:                                                                       
 
Figure ‎7.4: Increased masonry compression strength with decreased value of Poisson’s 
ratio of the mortar 
7.5.2 Analytical Equation          
The numerical examples shown in chapter ‎6.3.2 shows that compression strength of the 
masonry is smaller than both compression strength of mortar and unit. In the case of         , the compression strength of masonry lies between the compression strength of mortar as lower limit and that of unit as upper limit. With mortar creep, the Poisson’s 
ratio of mortar will decrease. Taking equation (‎6.36) and applying it on a simple 
numerical example as shown in Table ‎7.1. Table ‎7.1 shows small influence of the 
change of mortar Poisson’s ratio on the transversal tensile stress in mortar compared to 
the change of unit Poisson’s ratio. 
       ��     ��    ��  �   � � ���   ���     � �    ��  �    ��  �     (‎6.36)  
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Table ‎7.1: Influence of the change of Poisson’s ratio of mortar and unit on the 
transversal tensile stress in mortar, in case          
7.5.3 Finite Element Calculation 
The finite element calculation of the model shown in chapter ‎5.1 shows that the reduced 
Poisson’s ratio of the mortar leads to better redistribution of stresses in the unit, and 
consequently to higher compression strength of the masonry. A drop of Poisson’s ratio 
of the mortar from 0.3 to 0.2 leads to drop of the peak stresses of about 20%. See 
Figure ‎7.5 and Figure ‎7.6. Further reduction of the Poisson’s ratio would not lead to less 
ratio of transveral / vertical stresses. However, it would lead to flatter distribution of 
stresses rather than the peak on the edges in case of higher values of Poisson’s ratio. 
See Figure ‎7.7 and Figure ‎7.8. 
 
 
Figure ‎7.5: Change of peak transversal/vertical stresses in the brick edge due to creep, 
Drucker-Prager model for Mortar with  =20°, Poisson’s ratio      0.3 and      0.2 
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Figure ‎7.6: Change of peak transversal/vertical stresses in the brick middle due to creep, 
Drucker-Prager model for Mortar with  =20 , Poisson’s ratio      0.3 and      0.2 
 
 
Figure ‎7.7: Change of peak transversal/vertical stresses in the brick edge due to creep, 
Drucker-Prager model for Mortar with  =20 , Poisson’s ratio     from 0.1 to 0.33 
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Figure ‎7.8: Change of peak transversal/vertical stresses in the brick middle due to creep, 
Drucker-Prager model for Mortar with  =20 , Poisson’s ratio     from 0.1 to 0.33 
 
7.6 Summary and Results 
Creep could have negative, positive or neutral effect on the masonry stregth. Positive, 
for example through the redistribution and relief of stress peaks, which are the reason for 
failure, near the edge of the masonry wall. Negative influence of creep could appear due 
to increased deformation, that the whole structure can’t longer meet the serviceability 
criteria.  
The controlling equations based on the visco-elastic creep theory are presented in the 
general case of three axial creep under three axial loading conditions. The special case 
of three axial creep under axial loading is also presented. The “transversal creep” 
relevant for the compression strength of masonry was discussed and numerical 
examples have been added to show the effect of changed time-dependent Poisson’s 
ratio. 
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8 Conclusions and Recommendations 
In this study, numerical models have been developed to capture the failure behavior of 
masonry under compression. 
It starts with reviewing and comparing available codes and research approaches dealing 
with compression behavior of masonry. All these approaches assume deformation 
properties of mortar higher than that of the brick. 
The discontinuous method, eXtended Finite Element Method, could show how the failure 
occurrs in its components and how stresses are redistributed in them after cracking. This 
method has been used to show the crack growth in the components of the masonry 
during the failure. 
The description of the compressive strength of masonry structure depends on the 
mechanical and geometrical properties of its components, the units and the mortar. The 
more precise the description of the masonry component, the more precise is the result of 
the compression strength of masonry. Axial compression of masonry leads to three axial 
compression stress state in the mortar when the deformation properties of mortar are 
greater than those of the unit. Until now the used function to describe the mortar 
behavior is the classical Drucker-Prager yield function. A new model, the Extended 
Drucker-Prager Cap Yield Function, is used here to describe the three axial compression 
stress state of mortar in masonry, including defining its parameters based on test 
diagrams of the mortar material. Finally, the model is implemented in the numerical 
software ANSYS, and the numerical results are evaluated. 
In the chapter ‎5 many numerical examples have been done, using the proposed plastic 
material model and the discontinuous numerical model. This has been done for different 
cases of deformation properties of mortar and brick, for different wall thicknesses, and 
using different material models. Results and observations of these examples will be 
used to develop the analytical models in the next chapter. 
Available analytical approaches to define the compression strength of masonry, based 
on the mechanical and geometrical properties of its components, can only be applied 
when deformation properties of mortar are greater than those of units; mainly for lateral 
deformation (i.e. Elasticity modulus and Poisson ratio). In this study a new formula has 
been proposed to describe the compression strength of masonry, based on the 
mechanical and geometrical properties of its components, when deformation properties 
of units are greater than those of mortar. Chapter 6 starts with deriving the formula, 
mentioned in the literature, when deformation properties of mortar are greater than those 
of units. Later, in an analogous manner a formula was analytically derived when 
deformation properties of units are greater than those of mortar. The proposed formula 
was verified by numerical calculations, Finite Element Method, and test observations. In 
this context, it is good to mention that although many tests and publications are reported 
for the three axial compression state of mortar, there are to the author’s knowledge no 
tests or reports available studying the three axial material behavior of mortar under 
compression-tensile-tensile stress state. Further tests could give a better understanding 
of the material behavior and more precise estimation of the depth of scrambling on the 
mortar edge. 
The controlling equations of creep based on the visco-elastic creep theory are presented 
in the general case of three axial creep under three axial loading conditions. The special 
case of three axial creep under axial loading is also presented. The “transversal creep” 
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relevant for the compression strength of masonry was discussed and numerical 
examples have been added to show the effect of changed time-dependent Poisson’s 
ratio. 
Interesting for further research is to verify the proposed formula in chapter ‎6.2 with 
further experimental tests, with different mechanical and geometrical parameters of 
masonry components. This is additionally to tests studying the three axial material 
behavior of mortar under compression-tensile-tensile stress state. 
The effect of long term behavior of masonry components, like creep, could also a subject 
for further research, since it may lead to reduce the transversal tensile stress peaks in 
the unit, leading to higher compression strength of masonry structure as a whole. 
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Appendix A: Input Code for ANSYS 
 
fini 
/clear 
/prep7 
Hm=200      ! 
Lm=200     ! 
e_size=10 !e_size 
 
pressure1=2.49   !MPa  N/mm2 
pressure2=2.49 
pressure3=2.49 
 
Em=550       !E-Modul for Mortar N/mm2  Sigma=Em*Epsilon   
Em=Sigma/Epsilon  550 
 
et,1,185   !Solid 185 
 
!Material properties 
MP,EX,1,Em          !Mortar 
MP,EY,1,Em  
MP,EZ,1,Em  
mp,nuxy,1,0.30 
mp,nuxz,1,0.30 
mp,nuyz,1,0.30 
 
! Cap yield function 
tb,edp ,1,1,,cyfun  !Material 1,  Temperature 1 
                    !Constants 
tbdata,1,7     !Rc   
tbdata,2,1          !Rt  
tbdata,3,-7.5       !Xi  
tbdata,4,0.0005     !SIGMA  
tbdata,5,0.000007   !B  
tbdata,6,0.0001     !A  
tbdata,7,0.057704   !ALPHA  
tbdata,8,0.9        !PSI  
 
! Define hardening for cap-compaction portion 
tbdata,9,0.143      !W1c 
tbdata,10,0.03      !D1c 
tbdata,11,-0.00005  !D2c 
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! Cap plastic flow potential function 
!tb,edp ,1,1,,cfpot 
!tbdata,1,2           ! RC 
!tbdata,2,1.5        ! RT 
!tbdata,3,0.001      ! B 
!tbdata,4,0.05       ! ALPHA 
!*********************** 
RECTNG,(-Lm/2),(Lm/2),(0),(Hm)      !Create area, 1st brick 
mat,1 
VOFFST,1,Lm, , 
LESIZE,all,e_size 
vmesh,all 
 
allsel 
nsel,s,loc,y,0                !support of the lower nodes 
d,all,Uy,0 
nsel,s,loc,x,-Lm/2 
d,all,Ux,0 
nsel,s,loc,z,0 
d,all,Uz,0 
alls 
 
/solu 
 
SFA,5,1,PRES,pressure1  
SFA,2,1,PRES,pressure2 
SFA,4,1,PRES,pressure3 
 
autots,on 
solcon,on,on 
!NSUB,10 
nlgeom,off 
CNVTOL,F,,0.15,2,1, ! Convergence tollerance 15% 
OUTRES,ALL,ALL 
!nlgeom,off 
nldiag,nrre,on 
nldiag,maxf,10 
NEQIT,200 
Alls 
save 
solve 
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Appendix C: Input Code for Matlab 
% Version_1, real numbers of Epsi-v-p  20.03.2014 
% defining the values of W D1 D2 in case  
% we have the x,y values and the function shape 
%  Y = -W*( Exp ( -D1*(x+7.5)- D2*(x+7.5)^2 )  - 1  ) 
clear all; close all; clc 
x=[-7.491438356 -9.109589041 -10.60787671 -12.04623288 -13.78424658 -
15.58219178 -17.38013699 -17.97945205];  
y=[0 -0.005762431 -0.01261326 -0.018359116 -0.024546961 -0.030513812 -
0.036038674 -0.03780663]; 
 
% define the function that we want to fit to 
%              W             D1          D2 
funky = @(b,x)-1*b(1)*(exp(-b(2)*(x+7.5)-b(3)*(x+7.5).^2 )-1); 
% use nlinfit to find the coefficients for the function that 
% best represent the data 
%                       W     D1     D2 
beta=nlinfit(x,y,funky,[0.01 0.001 0.001]); 
% generate points on the best fit curve and plot it 
yfit=funky(beta,x); 
W = beta(1); 
D1 = beta(2); 
D2 = beta(3); 
% show the input data as points 
plot(x,y,'*') 
set(gca,'XDir','reverse') 
set(gca,'YDir','reverse') 
set(gca,'YLim',[-0.04 0]) 
set(gca,'XLim',[-20 0]) 
set(gca,'XTick',[-20 -15 -10 -5 0]) 
set(gca,'YTick',[-0.04 -0.03 -0.02 -0.01 0]) 
hold on 
% show results 
plot(x,yfit,'r'); 
txt1 = sprintf('Fitted Equation -%.3f*( exp(-%.3f(x+7.5)-%.3f*(x+7.5)^2 )-1) \n                         
-W *  ( exp( -D1 * (x+7.5) - D2 * (x+7.5)^2 )-1)',W,D1,D2); 
legend('Data Points',txt1); 
---------------- 
%fixing D1=-0.05 
clear all; close all; clc 
x=[-7.491438356 -9.109589041 -10.60787671 -12.04623288 -13.78424658 -
15.58219178 -17.38013699 -17.97945205];  
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y=[0 -0.005762431 -0.01261326 -0.018359116 -0.024546961 -0.030513812 -
0.036038674 -0.03780663]; 
 
% define the function that we want to fit to 
%              W             D1          D2 
funky = @(b,x)-1*b(1)*(exp(0.03*(x+7.5)-b(2)*(x+7.5).^2 )-1); 
% use nlinfit to find the coefficients for the function that 
% best represent the data 
%                       W      D2 
beta=nlinfit(x,y,funky,[0.01 0.001]); 
% generate points on the best fit curve and plot it 
yfit=funky(beta,x); 
W = beta(1); 
%D1 = beta(2); 
D2 = beta(2); 
% show the input data as points 
plot(x,y,'*') 
set(gca,'XDir','reverse') 
set(gca,'YDir','reverse') 
set(gca,'YLim',[-0.04 0]) 
set(gca,'XLim',[-20 0]) 
set(gca,'XTick',[-20 -15 -10 -5 0]) 
set(gca,'YTick',[-0.04 -0.03 -0.02 -0.01 0]) 
hold on 
% show results 
plot(x,yfit,'r'); 
txt1 = sprintf('Fitted Equation -%.3f*( exp(0.03(x+7.5)-%.5f*(x+7.5)^2 )-1) \n                         
-W *  ( exp( -D1 * (x+7.5) - D2 * (x+7.5)^2 )-1)',W,D2); 
legend('Data Points',txt1); 
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